SIMPLE LIE ALGEBRAS OF SMALL CHARACTERISTIC VI. 
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^^ I Abstract. Let L he a finite-dimensional simple Lie algebra over an algebraically 

Cn ■ closed field of characteristic p > 3. It is proved in this paper that if the p-envelope 

{^JQl of ad L in Der L contains a torus of maximal dimension whose centralizer in ad L 

^ ■ acts nontriangulably on L, then p = 5 and L is isomorphic to one of the Melikian 

•^ I algebras M(TO,n). In conjunction with [P-St 05' Thm. 1.2], this implies that, up to 

isomorphism, any finite-dimensional simple Lie algebra over an algebraically closed 

field of characteristic p > 3 is either classical or a filtered Lie algebra of Cartan type 

or a Melikian algebra of characteristic 5. This result finally settles the classification 

r , problem for finite-dimensional simple Lie algebras over algebraically closed fields of 

^J ■ characteristic ^2,3. 

-)— > 
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1. Introduction 

This paper concludes the series |P-St 97] . |P-St 99] . |P-St 01] . |P-St 04] . |P-St 05] 
Its goal is to finish the proof of the following theorem which was announced in [St 04] 
Q^ ■ and [P-St 06] : 

G^ '. 

00 ■ Theorem 1.1 (Classification Theorem). Any finite- dimensional simple Lie algebra 

^ i over an algebraically closed field of characteristic p > 3 is of classical, Cartan or 

Melikian type. 

^ ■ For p > 7, the finite-dimensional simple Lie algebras were classified by the second 

^ ■ author in the series of papers jSFsg] . jSTM] . [Sr92] . [SFSS] . jSFgi] . jSFSS] . It should 

be mentioned that the Classification Theory was inspired by the ground-breaking work 

^ ■ of Block- Wilson |B-W 82] . [B-W 88] who handled the so-called restricted case (also 

j^ ■ for p > 7). 

In what follows, F will denote an algebraically closed field of characteristic p > 3, 
and L will always stand for a finite-dimensional simple Lie algebra over F. As usual, 
we identify L with the subalgebra ad L of the derivation algebra Der L and denote 
by Lp the semisimple p-envelope of L (it coincides with the p-closure of ad L in the 
restricted Lie algebra Der L) . Given a torus T of maximal dimension in Lp we let H 
stand for the centralizer of T in L; that is, 

H ■= cl{T) = {xeL\ [t,x] = Vt G T}. 

Let r(L, T) be the set of roots of L relative to T; that is, the set of all nonzero linear 
functions 7 G T* for which the subspace L^ := {x G L | [t,x] = 7(t)x Vt G T} is 
nonzero. Then if is a nilpotent subalgebra of L (possibly zero) and L decomposes 
as L = H Q) ©^gr(LT) -^7- -^y jP-St 04i Cor. 3.7] any root 7 in r(L,T) is either 
solvable or classical or Witt or Hamiltonian. Accordingly, the semisimple quotient 
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L[y] = L(7)/radL(7) of the 1-section L{'j) := H (B 0jgirx Lj^ is either (0) or s[(2) or 
the Witt algebra Vr(l;l) or contains an isomorphic copy of the Hamiltonian algebra 
H{2;lY'^^ as an ideal of codiniension < 1. For a,P E T(L,T) we denote by L{a,P) 
the 2-section X^i jgf ^ia+jPi where Lq = H hj convention. 

We say that T is standard if H^^^ consists of nilpotent derivations of L and nonstan- 
dard otherwise. In |P-St 04j and |P-St 05] , it was shown that if all tori of maximal 
dimension in Lp are standard, then L is either classical or a filtered Lie algebra of 
Cartan type. On the other hand, the main results of |P 94j imply that if Lp contains a 
nonstandard torus of maximal dimension, say T', then there are a, /? G T{L, T') such 
that the factor algebra L(a;,/5)/radL(a,/5) is isomorphic to the restricted Melikian 
algebra M(l, 1). In particular, p = 5 in this case. 

The main result of the present paper is the following: 

Theorem 1.2. If the semisimple p- envelope of L contains nonstandard tori of maxi- 
mal dimension, then L is isomorphic to one of the Melikian algebras M(m, n), where 
{m,n) G N^. 

Together with the main results of [P-St 04 j and |P-St 05] Theorem 11.21 implies the 
Classification Theorem. In view of |St 041 Cor. 7.2.3] we also obtain: 

Corollary 1.3. Any finite- dimensional restricted simple Lie algebra over an alge- 
braically closed field of characteristic p > 3 is, up to isomorphism, either one of 
W{n;l),n>l, ^(n;l)W,n>3, H{2r;lY^\ r > 1, ir(2r + 1; 1)^, r > 1, M(l, 1), 
or has the form (LieG)^"^-*, where G is a simple algebraic F -group of adjoint type. 

For the reader's convenience, we now give a brief overview of the proof of Theo- 
rem [L2l Since our goal is to show that L = M(m, n), we need to produce a sub- 
algebra L(o) of codimension 5 in L. As in the previous two papers of the series, 
local analysis is vital here. All possible types of 2-sections in simple Lie algebras 
are described in |P-St 041 Sect. 4]. The list of 2-sections is long, but a thorough 
investigation shows that most of them cannot occur in our situation. We prove 
in Section 5 that if T is a nonstandard torus of maximal dimension in Lp and 
a, (3 E r(L, T) are Fp- independent, then radL(a, (3) <ZT and either L[a, [3] = M(l, 1) 
of L[a, /?]^^) = H{2] (2, 1))*-^''; see Theorem 15.81 In particular, this implies that all root 
spaces of L with respect to T are 5-dimensional. This intermediate result is crucial 
for the rest of the paper. In order to prove it we have to refine our earlier description 
of 2-sections with core of type H{2] (2, l))*-^-'; see Theorem 13.6( 5). The proof of Theo- 
rem [XS](5) relies heavily on a classification of certain toral derivations of H{2\ (2, 1)). 
The latter is obtained in Section 2, the longest section of the paper. 

In Section 6, we show the restricted Melikian algebra M(l, 1) has no nontrivial 
central extensions and describe the p-characters of irreducible M(l, l)-modules of 
dimension < 125. This gives us important new information on the p-mapping of L^; 
see Section 7. To proceed further we need a sufficiently generic nonstandard torus of 
maximal dimension in Lp. We show in Section 9 that there is a nonstandard torus T of 
maximal dimension in Lp for which H^ = [cl{T), [cl{T), Cl{T)]] contains no nonzero 
toral elements. We then use the new information on the p-mapping of Lp to construct 
for every a G r(L,T) a subalgebra Q{a) C L{a) such that L{a) = H(BQ{a), and set 
-^(0) •= J2aer(LT) Q{(^)- By construction, L(o) is a subspace of L. In order to show 



that it is a subalgebra, we need to check that [Q{a), Q{(3)] C Q(tt) ©XIigf Q{l3 + i(y) 
for all Fp-independent a,/3 G r(L,T). This is carried out in Section 10. The rest of 
the proof is routine. 

All Lie algebras in this paper are assumed to be finite-dimensional. We adopt the 
notation introduced in |P-St 97] . |P-St 99] . |P-St 01] . |P-St 04] with the following two 
exceptions: the divided power algebra A{m;n) is denoted here by 0(m;n), and the 
Melikian algebra Q{m,n) by M(r7i, n). Given a Lie subalgebra M of L, we write Mp 
for the p-envelope of M in Lp. 

Acknowledgement. Part of this work was done during our stay at the Max Planck 
Institut fiir Mathematik (Bonn) in the spring of 2007. We would like to thank the 
Institute for warm hospitality and support. We are thankful to the referee for very 
careful reading and helpful comments. 

2. Toral elements and one-sections in H{2] (2, 1)) 

The Lie algebra H{2] (2, 1)) will appear quite frequently in what follows, and to deal 
with it we need some refinements of |B-W 881 (10.1.1)], [SFM (VI.4)] and |P-St 041 
Prop. 2.1]. Set S := iJ(2; (2, l))^^), G := iJ(2;(2,l)), and denote by 5(i) (resp., 
(^(j)) the ith component of the standard filtration of S (resp., G). Recall that 
Sp = if(2;(2,l))(2) ®FD{; see jSFOil Thm. 7.2.2(5)], for instance. By [B-W 881 
Prop. 2.1.8(viii)], G = V®S where 

V = FDnixf^) © FDnix^i^) © Dnixf-'^xf^). 

Note that ^ is a Lie subalgebra of G, and in Der 5* we have V^'^ = V^ = 0. We denote 
by S the p-envelope of G in Der 5*. As V^^ = 0, it follows from Jacobson's formula 
|St 04[ p. 17] that 9 = V Q) Sp. We remind the reader that G is a Lie subalgebra of 
the Hamiltonian algebra H{2) = span {/}//(/) | / G 0(2)} and 

[DHif),DHig)] = DH{D,{f)D,{g)-D,{f)D,{g)) (V/, (? G 0(2)). 

Furthermore, Dnif) = Dnig) if and only ii f — g & F. 

Lemma 2.1. Every toral element t of Sp contained in S'\S'(o) is conjugate under the 
automorphism group of S to an element 

tfi = Duixi + ^x^ + (a;i + fixf )rx2 ); r = 1 + nxf~ , 

where fi G {0, 1}. Each such element is toral. 

Proof, (a) Write t = aDi + hD2 +w with a,b E F and w G 5(0). By our assumption, t 
is a toral element of Sp; that is, t^^^ = t. Since {aDi + hD2)^^^ = a^D\ and w^^'^ G S'(o), 
Jacobson's formula yields a = 0. Since t ^ S'(o), it must be that 6 7^ 0. There 
exists a special automorphism a of the divided power algebra 0(2; (2, 1)) such that 
cr(a:;i) = h~^xi and (j{x2) = bx2. It induces an automorphism $0- of the Lie algebra 5* 
via <^a{E) = aoEoa~^ for all E e S] see [gFOil Thm. 7.3.6]. After adjusting t by <l>^ 
it can be assumed that 6 = 1. The description of Aut S given in [St 041 Thms 7.3.5 
& 7.3.2] implies that for any \ E F and any pair of nonnegative integers {m,n) such 
that either [m^n) = (p^,0) OTm + n>3,m<p'^,n<p and {m,n) 7^ {p, 1) there 
exists am,n,x G Aut 5* with 

0-m,n,A(M) = U + A [D//(Xi 0:2 )' «] {mod S (i+rn+n-1)) (Vm G S(i)). 
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Because 

[D2, Dnix^r^x^^^)] = Dnix^r^xf^) il<n<p-l), 

it is not hard to see that there is g E Aut S" such that g{t) = Dh{xi + fixf ) + 

DH{fx2 ) for some fj, E F and / = Yl^=i ^i^i with Aj G F. If /i 7^ 0, then there 
exists a E F with a^'^^ = 1 and a special automorphism a' of the divided power 
algebra 0(2; (2, 1)) for which a'{xi) = axi and (j'{x2) = X2. It gives rise to an au- 
tomorphism $0-' of the Lie algebra 5* such that $o-'(-D/f(xj^^ Xg )) = a'^^^Dnixi X2 ) 
for all admissible r and s; see |St 04t Thm. 7.3.6]. Adjusting t by $0-' we may assume 
without loss that /i G {0, 1}. 

Put r = Di{xi + jjiXi ) = 1 + jiXi , /' := Di{f), and assume from now on that 
t = DH{xi + fix^^'>)+DH{fxt'^). 

(b) As [adDnifx^i"^^)) [adDnixi + fix'f'^))\DH{fx'f~^^)) = ior < k < p - 3, 
Dh{xi + /ixS^^)W = DH(/a;?"'^)[^l = 0, and 

[DH{x, + f^x^f^),DH{r'fxi'^)] = Dnir^-^'/xt'^) (l<2,j<p-l), 

Jacobson's formula yields 

tlPl = {8.d DH{xi+fIX^[^)Y-\DH{fxt'^)) 

+ \ [Dnifxf^), (ad Dh{x, + f^xt^)Y-\DH{fxt'^))] 

= DH{r^-^f) + i [DHifxt'^), DH{r^-'fx2)] 

= Du{r^~'f) + \Du[fr^~'fxt'^) -\(^\^^Dn[fD,{r^'^f)x^r"^) 

= Duir^^'f) + DuUfr'-'xt'^) - f^Dnir^-^xf^ fxf^). 

As r^~^ = r~^, the RHS equals t if and only if / = (xi + jj^xf )r, as claimed. D 

Denote by 0(2; (2, l))(fc)[xi] the subalgebra of 0(2; (2, 1)) spanned by all x!^ with 
k <i < p'^ and let 0(2; (2, l))[xi] := 0(2; (2, l))(o)[xi]. For u G 0(2; (2, l))[xi] put 

u' := Di{u) and set r := Xi + fixf , so that t^ = Dnir + rrx2 )■ Note that r' = r. 

Lemma 2.2. Let t^ he as in Lemma lKTl and put C^ := Cg(t^). 

(i) The Lie algebra C^j, has an abelian ideal C of codimension 2 spanned by all 
Dh{u + u'rx2 ) with u G 0(2; (2, l))[xi] and by Dh{xi ). Furthermore, 
Cf, = Fn^,®Fh^®C'^, where n^ = D^+nDnix^i^) and h^ = DH{r-'^X2-xf^). 

(ii) Given a e F and v G 0(2; (2, l))[xi] put 

p-i 
^^(v) := J2 (^'^H{r-'vx^^^) + aP-^Dnirv'x'i-'^). 

Then for every A; G F^ the k-eigenspace of adt^ has dimension p^ and is 
spanned by all fk{u) with u G 0(2; (2, l))[xi]. 
(iii) In S we have hj!. = —^h^ — n^ and njT = 0. 



(iv) If fi = 0, then C^ is nilpotent and Ft^ is a maximal torus in S. 
Proof, (i) It is straightforward to see that C is abehan and t^ & C . Also, 



[Dlt^] =fiDH{ 



rx 



(p-l)^ 



-/i[DH(xf),g, 



implying n^ E C^. For all u E {xf | < i < p^) we have 






)] = -DHir-'u') + DH{r-''{r'u'r-{u'7)'r)x^i-^^) 



-Dniu'xt''^: 



As a consequence, 



(2.1) 



[hf„DH{u + 



f~ (p-i) 
u rxX 



-DH{r-'u' + {r-\'y?x^i-'^) 



for all u e 0(2; (2, l))[a;i]. Putting u = r gives h^, G C^. 

(ii) We claim that for all u E {xi \ 1 < i < p^) and all A; G F^ the following relations 
hold: 



(2.2) 
(2.3) 



[DH{u + urx2 ^'),ipk{v)\ = kipk{r ^u'v) 
[DH{r'^X2 - X2 )^Vk{v)] = [hf,,(pk{v)] = -(pk{r'^v'). 



Indeed, since k^ ^ = 1, r^ = 1, and Xg a^2 
(12. 2p equals Dh{w), where 



for 2 < A; < p - 1, the LHS of 



w = D^iu + u'7x^:^ ^^) ■ D2{ipk{v)) - D^iu + u'7x^^ ^^) ■ D^{ipk{v)) 
= {u' + u"7x^i-^^ + u'rx^r^^) ■ (n=i' ^ 



^p /^Y ^vx2 + rv'x2 



— u'rx2 ■ iv' + k(^r ^v^ X2) 



//^Y^P-I Z.i^-i„,^(«-l)\ I „';r„/^(p-2) 



u' [ElZi k'r-'vx 



u rv Xo 



+ ku"rr ^VX2 + ku'vx2 —u'rv'x2 +ku'r{r ^v^ X2 
= kY^^Zo k^r^'^(r^^u'v)x2 + k(u"rr~^v + u'v + u'r(^r~^v^ 1^2 
= kJ2ti k'r-\r-^u'v)xf + k7{r-\'v)'x^r^\ 



But then Dh{w) = k(pk{r u'v) and (12.21) follows. Since 



( — r V ) = r r V — r v , 
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the LHS of (12.31) equals Dniy), where 



y = [r ) X2 ■ { Z^i=i f^ r VX2 + rv x^ 



— 


^"' ■ (ECi kH{r-y'\-r-^r')vxf + J^^r^ tr-'v'xf 


— 


r-'-i^vyxt'^+x^r'^v' 


= 


-r'^r' ■ (Er=i kHr-'vx^^^ - rv'x^r'^^ 


+ 


r-^r' ■ fer=i kHr~'vx^^A + ^^=0 k'r-%-r~W)x^^ 


— 


r-K(rv' + rv")xt'^ + xt'^v' 


= 


r-h7v'xt'^ + ECd k'r-\-r''v')x^^^ - r~'rv"xt'^ 


= 


EU k'r-\-r'W)x^^^ + (fr-VV - rr~W)x^r'^ 


= 


J2-:i kW-\-r-\')xf +r{- r'^v')' x^i~'\ 



This shows that Duiy) = Dh^—t^^v'), proving (12.31) . 

Setting M = r in (12.21) now gives [t^^ipkiv)] = kipkiy). Since ^kiy) 7^ for all 
nonzero v G 0(2; (2, l))[xi], comparing dimensions yields that C^ is spanned by /i^, 
Tin and C'^ and that for every fc G F^ the fc-eigenspace of ad t^, has dimension p^ and 
is spanned by all i{)k{v) with v G 0(2; (2, l))[xi]. 

(iii) Clearly, nf = D'f - ^^{x'i'^^DiY = 0. Next observe that 

K,n,] = [DH{r-'x,-xl'^),Dl + fiDH{xl'^)] = fiDniir-yx^ ■ xf^) = 0. 

We claim that hf! + jjih^ + n^ = 0. If /i = 0, then h^ = Di — X2 -Di and 
rifj, = Df; hence, our claim is true in this case. Assume now that /i 7^ and 
set q := hfj, + ^~^n^. Since our remarks at the beginning of this part imply that 
g[p] = {h^ + /i~^n^)lp] = /ijT , we are reduced to showing that q^^^ + /ig = 0. As 
[DH{x^r^^X2), (ad Di)\DH{x^r^^X2))\ = for alH < p - 2, we see that 

g'^1 = {fi-'Dl-D,-f^DH{xt'^X2)y'^ = {-D,-f^DH{xt'''x2)y'^ 
= -D{- {a.dD,Y'\fxDHixt'^X2)) 

- - fiDnix^i X2),{£idDiY {jj,Dh{x^i X2)) 

= -Dl + fiDi + fi^DH{x^r^^X2) = -fiq, 
and our claim follows. 

(iv) Now suppose /i = 0. Thent^ = Dh{xi{1+X2 )), /i^ = Dh{x2—X2) = {x2 — 
l)Di and n^ = D{. Set C := Cq and C(o) := Cn(j(o). By Lemma [272^ 1). which we have 

already proved, C is spanned by D^, (xg —l)Di and by all Dh{xi +x\ rxg ) 
with < A; < p2 _ 1. As a consequence, C = FDf © F(x^^"^^ -l)Di® Ft^ © C{o). 
As G(o) is a restricted subalgebra of S, so is C(o). From this it is immediate that C(o) 
is a p-nilpotent subalgebra of S. Note that C f\S = Ft^ © C(o) is an ideal of C. Since 

((^2 ~ — 1)-Di) = —D\ and (-Di) = (as derivations of S*), Jacobson's formula 



implies that C^ C FD{® Ft^,®C^o) and C^" C Ft^®C(^o)- Since C(o) is p-nilpotent 
and [t^, C] = 0, it follows that Cf^^" = Ft^ for all e ^ 0. Hence C is a restricted 
nilpotent subalgebra of S and Ft^ is the unique maximal torus of C. D 

If u belongs to the linear span of all Xi with 2 < i < p"^, then r~^u' E 0(2; (2, l)){i), 
forcing {r~^u'y = 0. For A; G F^ we write Sk for the the /c-eigenspace of adt^. In 

view of (O we have that (adDniu + ru'x^^~^'^)Y{Sk) = (0) for all ke¥^. Since 
{8.dDH{u + ru'xt'^)Y{C,) C {8.dDH{u + ru'xt'^)Y-\C'^) C (C;)« = (0) 

by Lemma l2.2( i). it follows that (adD//(M + ru'x2 )) = 0- Therefore, for all u 

as above and c E F the exponential exp (cadi5//(M + u'rx2 )) is well-defined as a 
linear operator on S". 

Lemma 2.3. Suppose /i 7^ anc? let Z{tf^) denote the stabilizer oft^ in Aut S. 

(i) exp {ca.(\.DH{xi + xj^™" 'rx2 )) ^ ^(^^/i) /o?" all 3 < tti < p^ . 
(ii) For every h E GClC^ with h ^ C there exist z G Z{t^) and a E F^ such that 

z{h) = ah^ + bt^ + sDh{xi ) for some b,s E F. 
(iii) If he {GnC^)\C'^, then for every k e ¥^ there is Vk G 1 + 0(2; (2, l))(i)[xi] 
such that ^ki^k) is an eigenvector for ad /i and '^kivkY^'^ is a nonzero p- 
semisimple element ofQ. 

(iv) For every h E {G r\ G^ \ G' there exists a nonzero x G Cs{t^) such that adx 
is not nilpotent and [h,x] = Xx for some nonzero A G F. 

Proof (a) For 1 < m < p2 get 'Dm := ad Du^x^r^ + xS™"^Va;^^"^^). As (ad D„)p = 
for m > 3, in order to prove (i) it suffices to show that 

(2-4) E ^!(^— )! [^™(^i)'^™"(^2)] = (V 1/1,^2 G S, Vm > 3). 

It follows from Lemma [2.2( i) that !D,^(C^) C (C')'-^^ = (0). Therefore, we just need 
to show that (12.41) holds for all j/i = f^kivi) and 2/2 = vK'^s), where /c, / G F^ and 
v^,V2EO{2-{2,l))[x^]. 

For 3 < m < p we have [r'^xi" ) = 0, since 0(2; (1, 1)) is a subalgebra of 

0(2; (2, 1)) and ^"~'^^p+'^ > p. In light of (Q this gives (ad Vmf'"'^'^'\^^{v)) = 
for all i G F^ and t; G 0(2; (2, l))[xi]. Hence (El) holds for m<p. 

If m > p + 2, then ([22D yields that D^(¥?fc(t;i)) = (/^^(wi) and Vp;;\^i{v2)) = 
ipi{w2) for some Wi G 0(2; (2, l))(i(p+i))[a;i] and W2 G 0(2; (2, l))((p_j)(p+i)[xi]. As 
[V3fc(w^i)5 V^K'^^a)] = in this case, we deduce that (12.41) holds for rri > p + 2. As 
0(2; (2, l))(p2)[a;i] = 0, this argument also shows that (12.41) holds if m = p + 1 and 
either vi or t>2 belongs to 0(2; (2, l))(i)[a;i]. 

Thus, in order to prove (i) it suffices to show that (12. 4p holds for m = p + 1 and 
i;i = t;2 = 1. Suppose the contrary and set 

y ■■= i:^!(^K_,,(^,(i)),D-;(^Ki))]. 
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Arguing as in the preceding paragraph we now observe that F is a nonzero multiple 

of either ^k+i{xf'^^) {li k + I ^ Q) or DH{xf~^\l - xf~^^)) {ii k + I = 0). In any 
event, {adn^)P-\Y) ^ 0. 

Set iV^ := adn^. We know from the proof of Lemma fl?2\ that [N^,Tlp^i] = Di, 
[Di, Dp+i] = and Nf,{^i{l)) = for all ie¥^. From this it follows that 

= x^(-i)^ [2)1(^,(1)), {vr-''D,^i){vim 

i=\ 

(we used (12. 2 p and the equalities r^ = 1, k^ = k and P = I). On the other hand, 
comparing components of X2-degree and 1 one observes that 

r ( \] = j Vk+i{{lu'v - kuv')r^^) if fc + / 7^ 0, 

for all u,v e 0(2; (2,l))[xi]. But then /[y?fc(l), y?;(xS^^)] + k[ipk{x^^^),^i{l)] = and 
[V9fc(l), V5i(l)] = 0) forcing NJ^^^iY) = 0, a contradiction. Statement (i) follows. 
(b) Observe that C^nG = C^ © Fh^,. li h e C^nG and h ^ G'^, then Lemma ESl^i) 
implies that there are a E F^ , b,sEF such that h = ah^ + bt^ + sDh{xi 

and 



ICO uiiat tiicic die u, Ki ± , u, ^ ^ ± oui^ii tiiau ii — ""-/^ "T "i^/i "T o±y}jyu^i ) 

Yl^=2 (^iDnixi + Xi rx2 ) for some a^ G F. Since C' is abehan, r is invertible. 



(exp a,D„)(/i^) = /i^ + a,DH(r-^(xS"^-') +xi'"-'Vx^^-'))) (3 < m < /) 

by ( 12. ip . we can clear the Oj's by applying suitable automorphisms from Z{tn). This 
proves statement (ii). 

In dealing with (iii) we may assume that h = h^ + sDh{xi ) where s E F. In 

view of (12. 3p we need to find f ^ = 1 + bixl + b2x[ + ■ ■ ■ + bp2_ixf ~ and rjk E F 
satisfying the condition 

= -Mr-\) + sDH{xf-'^ ■ (EL"o kW-^v,xt'^ + k^-'^v'.xt'^)) 

= -ifikir'^v',,) + skipkix'f ~^^Vk). 
This holds if and only if 
—bi — b2Xi — ■ ■ ■ — bp2^ix^f ^ + skx{' = rj^ri^l + bix[ + ■ ■ ■ + bpi^ixf' ^ ^). 
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Because 

r[i + Et^ hx?) = (1 + Et' hx?) + ^^{xt'^ + Z^il h,x^r'-'^) 

= (1 + Et' b.4') + /i Er=o fe..4^^^^"'^ 

by Lucas' theorem, this leads to the system of equations 

bo = 1; 

bi = -r]kbi-i I <i <p'^ -I, i^pl^; 

bip = -r]k{bip^i + fibi-i) l<i<p-l; 

Arguing recursively, one observes that there is a bijection between the solutions to 
this system and the roots of a polynomial of the form X^ + EiLT ^i-^^ ~ ^^i "where 
Aj e F. Since F is algebraically closed, it follows that our eigenvalue problem has at 
least one solution. 

(c) In view of our discussion in part (b), ipk{vk) = Dh{x2) + hiDij^xi) (mod 5(0)). 
Since Dh{x2) = — -Di and 5(0) is a restricted subalgebra of 9, Jacobson's formula 
shows that v^fc('yfc)'^' = —Di + Wk for some Wk G S. In particular, (fkivkY^^ ^ 0. 
Note that ^k{vk)^^ £ C^D SpD keradh. Now, using (12.11) it is easy to observe 
that C n ker ad h = Ft^, whilst from Lemma 12.21 it is immediate that C^ fl S'p = 

F{fihp_ + n^). Lemma [2^ also implies that fih^ + np_ = — /ijT and hp = —fi^h/i. 

Let hs denote the p-semisimple part of /i in S, an element of C^ fl ker ad h fl Sp. 
Since the above discussion shows that CpH SpH ker ad h has dimension < 2, in order 
to finish the proof of (iii) we need to show that tp and hg are linearly independent. 

Suppose the contrary. Then ad h acts nilpotently on C'^. Recall that h E h^ + C'^ 
and C'^ is abelian. So ad hp, acts on C'^ nilpotently, too. Since /i 7^ 0, our earlier 

remarks and Lemma [2.2( 111) now show that ad(/i|r ) = — /lad hp — ad rip acts trivially 
on C . Since this violates (12. ip . we reach a contradiction. Statement (iii) follows. 

(d) In proving (iv) we may assume that h = hp + sDh{xi ); see part (b). We claim 
that there exist u = Xi + Cixi + ■ ■ ■ + Cp2_2Xi ^ and A G F^ such that 

[h,DH{u + u7x^^-^'')] = \Dh{u + u'7x^^~^^). 
Since C is abelian, it follows from (12.11) that 

[h,DH{u + u'7x^r^^)\ = [h^,DH{u + u'7x^r^^)\ = -Dnir-'u + {r-^y^x^^^^). 

Thus, we seek u such that r~^u' = a — Xu for some a E F. Since r~^ = 1 — jjiXi , 



this entails that a = 1, ci = —A, and 

(2.5) (1 - /zxr^)) (1 + Y.'^~" c^xf) = 1 + ci (a:, + Y.'^'" c.xf^'[ 

Since xf^ ■ (l + EiLi Q^;^*^) = [xf' + E?=i '^ipXi ^^ ) by Lucas' theorem, we 
see that Cj+i = CiQ if p f (^ + 2). Induction on k shows that Ckp+p-i = Ci{c'l~ + nY^^ 
for < A; < p - 1. As Cp2_i = 0, this yields c?"^(c?"^ + ^if = 0. As ci = -A 7^ 0, 
we see that ci must satisfy the equation X^~^ + /i = 0. Conversely, any root of this 
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equation gives rise to a solution of (12. 5p with A = — Ci 7^ (recall that /i 7^ by our 
assumption). The claim follows. 

We now set x := Dh{u + u'rxf ), where u is as above. Clearly, x ^ S. Since 
r-^u'-l e 0(i)(2; (2, 1)), it follows from (E^D that {ixdxy{^k{v)) = kPifi{{r-^u')Pv) = 
kipk{v) for all v G 0(2; (2, l))[xi] and all k G ¥p. This implies that ad re is not 
nilpotent, completing the proof. D 

We now let t be a 2-dimensional torus in S. 

Lemma 2.4. There exist nonzero Ui,U2 G S such that i = F{Di + Ui) © Fu2- 

Proof. Since V^^^ = 0, the restricted Lie algebra 9/Sp is p-nilpotent. As t is a torus, 
it must be that t C Sp. Then t H S ^ (0), for dim t = 2. 

Suppose t C S. Since S'(o)/5'(i) = s[(2) and 5'(_i)/S'(o) is a 2-dimensional irreducible 
module over 5'(o)/5'(i), every nonzero element of tfl 5(0) acts invertibly on 5'(_i)/S'(o). 
Therefore, tnS'(o) 7^ (0) would force t C S'(o), which is false because 5(0) has toral rank 
1 in S. On the other hand, if tfl 5(0) = (0) (and still t C 5), then t would contain an 
element of the form Di + u with u G 5(o) . But this would yield D^ G t + 5 = 5, as 
5(0) is a restricted subalgebra of Sp. Therefore, t ^ 5. Since Di is nilpotent and 5 
has codimension 1 in Sp, our statement follows immediately. D 

Lemma 2.5. Let () = cs{i) and let a G r(5, t). 

(1) If a vanishes on f), then G{a) is solvable. 

(2) If a does not vanish on P), then G{a) = H{2;V). 

(3) dim G^=p + 5^^o for all 7 G T{G, t) U {0}. 

(4) r(5, t) U {0} is a two-dimensional vector space over ¥p. 

Proof. Note that CSp{i) = t+ f) and t is a standard torus of maximal dimension in Sp. 
Therefore, the resuhs of |B-W 881 (10.1.1)] and [gOTl (VI)] apply to i 

If a does not vanish on {), then G{a) ^ H{2;1) by |P-St 041 Prop. 2.1(2)]. Suppose 



b]^ 



a{l)) =0. As t is a maximal torus of 5p, we have that C({LJ2) = for all i E ¥p . 
Then 5(a) is nilpotent due to the Engel-Jacobson theorem. As G/S is nilpotent too, 
we conclude that G{a) is solvable. 

By |B-W 88t (10.1.1(e))], there is a 2-dimensional torus t' in Sp such that all roots 
in r(5, t') are proper. Then |St 911 (VI. 2(2))] applies showing that all root spaces of 
G with respect to t' are p-dimensional and dimcG(t') = p + 1. By |P 89j . all root 
spaces of G with respect to t must have the same property, and dim CG'(i) = p+l (see 
also |P-St 991 Cor. 2.11]). As dim 5 = p=^ - 2 and dim S^ < p for all 7 G 1(5, t), we 
derive that |r(5, t)| = p^ — 1. As a consequence, the set r(5, t) U {0} is 2-dimensional 
vector space over ¥p. This completes the proof. D 

Lemma 2.6. Under the above assumptions on t and 5 the following hold: 

(1) IfTR{i),S) = 2, then all roots in r(5, t) are Hamiltonian improper. 

(2) IfTR{i),S) = 1, then r(5, t) contains a solvable root. 

(3) Suppose that TR{i),S) = 1 and i)p fl 5(o) contains a nonnilpotent element. 
Then for any solvable a G r(5, t) the 1-section G{a) is nilpotent. 
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Proof. Suppose TR{i), S) = 2. Then no root in T{S, t) vanishes on (),; hence, all roots 
in r(5', t) are Hamiltonian by Proposition 12.5( 2). If f) n S'(o) contains a nonnilpotent 
element, x say, then the image of x in S'(o)/5'(i) = sl{2) acts invertibly on S'(_i)/S'(o). 
As f) is nilpotent, this would force f) C S'(o), and hence TR{i), S) = 1, a. contradiction. 
Consequently, tn ^(o) = (0). By |B-W 881 (10.1.1(d))] (see the proof on p. 232-233), 
every Hamiltonian root is then improper. 

Now suppose TR{i), S) = 1. Then the unique maximal torus of i)p is spanned by 
a toral element, hence it follows from Lemma 12.5( 4) that there is a root in T{S, t) 
which vanishes on i). Every such root is solvable by Proposition 12.5( 1). 

Finally, suppose that TR{i), S) = 1 and i)p fl S'(o) contains a nonnilpotent element. 
Since S'(o) is a restricted subalgebra of Sp, we then have 5(0) fl f)p fl t 7^ (0). Since 
tn S" = Fu2 for some nonzero U2 & S (see Lemma [23]), it must be that U2 G 5(0) and 

u^i^ e Fu2. 

If a G r(5', t) is solvable, then a{[)) = by Lemma [231 (2). As explained in the proof 
of Lemma [2.51 the Lie algebra S{a) is nilpotent. There exists an element t G F^U2 
with tW = t such that G{a) = cdt). Set W := {v - {adt)P-\v) \ v e V}. By 
construction, W C Ccit) and G = W Q) S. Since V C (?(!) and t G 5(0), we have the 
inclusion W C G'(i). In particular, all elements of W act nilpotently on Ccit). 

Since S{a) is a nilpotent ideal of G{a), the set [adcia) S{a)) U (adG(a)W^) is 
weakly closed and consists of nilpotent endomorphisms. Since G{a) = WQ)S{a), the 
Engel-Jacobson theorem now shows that G{a) is nilpotent. D 

Lemma 2.7. If t E Sp is a toral element not contained in S, then t is conjugate to 
D\ + 1^1 + Dh{xiX2) under the automorphism group of S. 

Proof. By our assumption, t = aD\ + w for some a G F^ and w E S. Choose a E F 
satisfying a^ = a and let aa denote the automorphism of S which sends Dh{xi x)^') to 



>,*' 



a- ^Dh{xi X2 )', see |St 041 Thm. 7.3.6]. Then o"a(t) = —aDH{a~^X2y + w' for some 
w' G S. Hence we may assume that a = 1. The description of Aut S given in [St 04[ 
Thms 7.3.5 & 7.3.2] shows that for any pair of nonnegative integers {m,n) 7^ {p, 1) 
such that either p < m < p^ and n < p or {m,n) = (p^, 0) and any A G -F there is 
(^m,n,x G Aut 5 such that am,n,x{u) = u + X[Dh{x']^^x^^^),u] (mod5j+(m+„_i)) for 
all u G 5(j) Using Jacobson's formula (with u = Di) it is not hard to observe that 

o-m,n,A(^D = Dl-XDnix^r'^^'x''^^) (mod5(^+„_p_i)). 

This implies that there exists g G Aut S such that g{t) = D^ + hDi + Dh{xi ^ ip) 
for some ^ G F[xi,X2] C 0(2; (1,1)) with ip{0) = 0. Write ip = Er=o '^i^? with 
V'j G -F[x2], where '?/'o(0) = 0. The element g(t) being toral, it must be that 6=1. 

Note that (ad Dh(xS^'"^V)) (ad (Z^f + Di))'(L'//(xS^'"^V)) =0for0<z<p-3 
and 

(ad Dh(xS^'-^V)) (ad iD{ + D^)Y-\DH{xf-^^ij)) = [D^ixf-^^), D^(xS^V)] • 

Because 

(ad D? + ad D^y-' = Er=o (-l)*(ad D.^iad D^y-^-' = Y.U (-l)^"'(ad D^Y^p-^^ 
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and D^lip) = 0, Jacobson's formula yields that 



+ ^[Dr,{xf~'U),Dj,{x?ij)] 



D\ + Dnii^) - DHixt'^i^) + E.>. Duixfq^^ 



i>p 



for some qi G F[x2]. As the RHS equals Df — Dh{x2) + Dh{x\ ip) and x\ ip = 
Xi Vo) we derive that ■?/'o = —X2, V'i = for 1 < i < p — 2, and V'p-i = V^o- In other 
words, ■?/' = — (1 + a;]^^~ )a;2 and 

(?(t) = (D? + Z^i) - Dnixf-^'^x^) - DHixf-'^X2). 
Next we show that this element is toral. Note that 

iD{ + D,) - Dnixf-^^x,) - Dnixf-'^x,) = {D^ + D,) - [D{ + D,, Dnixf^x^)] 
and (P'-^) - {''IzD = (^7^) - 1 = -2 by Lucas' theorem. Then 

[DH{xf-^\l+xt'^)x,),DH{x^r\l + xt'^)x,)] = [DH{xf'^^x,),DH{x^r^x,)] 

= ~2DH{xf-'^x,). 

In view of the earlier computations this gives 

{D{ + D,- Dnixf-'^x,) - DHixf-'^x,)y'^ 

= Dl- (ad(D? + D^)Y{DH{xf^x,)) - Dnixf-'^x,) 

= D\- Dh{x2) - DH{xf-^^X2) - DH{xf-''>X2). 

So the element D^ + Di — Dh{{xi + x^ )x2) is indeed toral. 

As a result, all toral elements in S'p \ S* are conjugate under Aut S. To finish the 
proof it remains to note that the element D\ + Di + Dh{xiX2) E Sp\S is toral. D 

3. Two-sections in simple Lie algebras 

In this section our standing hypothesis is that L is a finite-dimensional simple Lie 
algebra and T is a torus of maximal dimension in the semisimple j9-envelope Lp of L. 
Given ai, . . . , a^ G r(L, T) we denote by TadTL{ai, . . . , a^) the maximal T-invariant 
solvable ideal of the s-section L{ai, . . . , a^) and put 

(3.1) L[ai, . . .,as] ■= L{ai, . . . , as)/TadT L{ai, ...,««)• 

We let S = S{ai, . . . , as) be the T-socle of L[ai, . . . , a^], the sum of all minimal 
T-stable ideals of the Lie algebra L[ai, . . . ,as]- Then S = @l^i Si where each Si is a 
minimal T-stable ideal of L[a;i, . . . , as]. It is immediate from the definition that both 
T and L{ai, . . . , as)p act on L[ai, . . . , a^] as derivations and preserve S. Thus, there is 
a natural restricted Lie algebra homomorphism T+L{ai, . . . ,as)p ^ Der S which will 
be denoted by \E'ai,...,as- Note that L{ai, . . . , as) fl keT'^ai,...,as = radTT(ai, . . . , as) 
and, moreover, the image of '^ai,...,as can be identified with a semisimple restricted 

Lie subalgebra of Der S containing L[ai, . . . , as] as an ideal. 
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We often regard the linear functions on T as functions on the nilpotent restricted 

Lie algebra Cl^{T) by using the rule 7(0;) := {"y{x'^^^'')Y for all x G CLp(T), where 
e ^ (this makes sense because T coincides with the set of all p-semisimple elements 
ofcL,(T)). 

Let nilifp denote the maximal p-nilpotent ideal of the restricted Lie algebra Hp. 
According to |P-St 041 Cor. 3.9], the inclusion H'^ C nil Hp holds and all roots in 
r(L,T) are linear functions on H. 

Lemma 3.1. If 5 e T{L,T) has the property that S{H) ^ 0, then 5{[Ls,L^s?) = 
and [Ls,L^s]^ C nilifp. 

Proof. This is immediate from [P-St 041 Prop. 3.4]. D 

Proposition 3.2. Let i be a torus in Lp whose centralizer in L is nilpotent, and 
assume further that i contains the all p-semisimple elements of the p- envelope of 
CL{i) in Lp. Let rj G r(L, t) he such that L{r]) is nonsolvable and denote by S{r]) the 
socle of the semisimple Lie algebra L{ri)/radL{r]). Then the following hold: 

(1) the radical Ta.dL{ri) is t-stable; 

(2) the socle S{ri) is a simple Lie algebra invariant under the action of i; 

(3) the centralizer Cs{^ is a Cartan subalgebra of toral rank 1 in S . 

Proof. The torus t satisfies the conditions of |P-St 04[ Thm. 3.6]. Moreover, our 
first statement is nothing but [P-St 04^ Thm. 3.6(1)]. The last two statements are 
immediate consequences of |P-St 04[ Thm. 3.6(3)] and |P-St 04[ Thm. 3.6(4)]. D 

Theorem 3.3. For every 'j G T{L,T) the radical lad L{'y) is T-stable and either L[^] 
is one of (0), sl{2), 1^(1; 1), H{2;lY'^\ if(2; 1)^^) orp = 5, Lp possesses nonstandard 
tori of maximal dimension, and L[y] = H{2;V)^'^^ ®F{l + xi)^d2. If 'y is nonsolvable, 
then the derived subalgebra L['yY^^ is simple. 

Proof. This is immediate from |P-St 041 Cor. 3.7]. D 

Lemma 3.4. Let g = H{2;lY'^^ © F(l + xi)p~^92 and t) a Cartan subalgebra of g. 
Then either i) is abelian or f)^ contains a nonzero toral element of g. 

Proof. We regard g as a restricted Lie subalgebra of g := H{2;1). Recall that g = 
i7(2; 1)(2) © FDnixf^) © FDn^x^i^) © FDn^x^r^^x^:^-^^). Since gW C i/(2; 1)(2) 
by Jacobson's formula, f) coincides with Cg(y) for some nonzero toral element y G 
H{2] 1)''^''. By a result of Demuskin, there is cr G Aut H{2] V)^"^^ such that either (T{y) = 
Dh{{1 + a;i)a;2) or a{y) is a nonzero multiple of Dh{xiX2); see |St 041 Thm. 7.5.8]. 
In the latter case, there exist a,b & F such that cr([)) is contained in the span of 
aD^ixi ) +bDi{{x2 ) and all Dh{xi x)^') with 1 < « < p — 1, hence is abelian. Then 
f) is abelian, too. So assume we are in the former case. Then there are a,b,c & F 
such that (7(f)) coincides with the span of all -D_f/((1 + xiYx^l ) with 1 < i < p — 2 
and z := a(l + Xiy-^D2 + bDnixf) + cDh{{1 + Xiy-^x^^'^^). If a = 0, then it is 
easy to check that o"(f)) is abelian, whilst if a 7^ 0, then (ad 2;)^(D//((1 + xi)^a;2 )) is 
a nonzero multiple of cr(|/). This completes the proof. D 

Next we recall our results on 2-sections of L with respect to T. Let a, (3 G r(L, T) 
be such that L{a,P) is nonsolvable. As explained in |P-St 041 p. 793], the T-socle 
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S = S{a,(3) is either a unique minimal ideal of L[a,P] or S = Si Q) S2, where 
TR{Si) = 1 for i = 1,2 and each Si is T-stable. Moreover, in the latter case the 
following holds: 



Theorem 3.5 (cf. |P-St 04| Thm. 4.1]). If S = Si ® S2, then there exist 5i,52 E 
r(L,T) such that 

L[5i]^^^ (B L[52]^^^ C L[a,/3] C L[5i](BL[52]. 

When the T-socle S* is a minimal ideal of L[a,l3], we have two possibilities: either 
TR{S) = 2 or TR{S) = 1. 

Theorem 3.6. Suppose S is the unique minimal ideal of L{a,l3) and TR{S) = 2. 
Then S is simple, \E'o,/3(-^7) C S for all 7 G r{L,T), and one of the following holds: 

(1) S IS one ofW{2-l), 5(3; 1)W, if(4;l)«, is:(3;l)W andL[a,l3] =S; 

(2) S IS one ofW{l;2), i^(2; 1; $(r))«, /f(2;l; A) and 

L[a,P] = S + ^^,p{T)r\L[a,l3]- 

(3) S ^ M(l, 1) and L[a, (3] = S; 

(4) S is a classical Lie algebra of type A2, B2 or G2 and L[a,(3] = S; 

(5) S = H{2; (2, 1))(2) and ^aA^) C Sp. Moreover, 

(2) m PD.jJp'h m pn„(Jp'-'^K{p-'^h 



H{2- (2, 1))(^) C L[a, (3] C H{2- (2, 1))(^) © FDnixf ^) © FDuixi 



Jbn 



In cases (1), (3), (4) the Lie algebra L[a,P] is simple, and L[a,P]^^^ is simple in all 



cases. 



Proof. If S is not isomorphic to H{2; (2, 1))*^^-*, then the statement follows immediately 
from |P-St 041 Thm. 4.2]. So assume S = H{2; (2, l))^^). Then |P-St 041 Thm. 4.2] 
says that L[a,P] C S where S is the p-envelope of G = H{2; (2, 1)) in Der S. Recall 
that ^E'a,/?: T + L{a,P)p -^ Der S" is a restricted Lie algebra homomorphism. Hence 
Sp lies in the image of '^a,/3- In the present case, Der S = S ® F{xiDi + X2D2); see 
|B-W 88t Prop. 2.1.8(vii)] for instance. If \E'q,^/3(T) ^ S, then there is a surjective 
restricted Lie algebra homomorphism \Ef„^^(T + L{a,j3)p) -^ F{xiDi + X2D2) whose 
kernel contains Sp. But then |St-F[ Lemma 2.4.4(2)] yields that the restricted Lie 
algebra \E'a_/j(T+L(a, /?)p) contains 3-dimensional tori, a contradiction. Consequently, 

^„,^(r + L(«, /?)p) c g, forcing ^„,^(r) c gw a^p. 

Let t' be an optimal 2-dimensional torus in Sp. By jB-W SSi Lemma 1.7.2(b)], 
there is a torus T' of maximal dimension in T + L{a,(3)p such that '^aA'^') ~ ^ ■ 
Let H' denote the centralizer of T' in L. Note that L[a,f3) = L[a',f3') for some 
a',p' e T{L,T') (this follows from the main result of ^~89\ and |P-St 991 Cor. 2.10]). 
Each ia' + j/3' with i,j G ¥p can be viewed as a linear function of t'. 

Since t' is optimal, t' fl S* = t' fl S'(o) is spanned by a nonzero toral element, ^2 say; 
see |St 921 (VI. 1)]. Since r(S', t') U {0} is a 2-dimensional vector space over ¥p, by 
Lemma 12751 4). there is 6' G T{L{a, P),T') such that ^'(^2) = 0. Since, then, 6' also 
vanishes on Cg{i'), the Engel-Jacobson theorem yields that S{6') is nilpotent. Since 
S/S is solvable, 9{S') niust be, also. But then L{6') is solvable, too. As explained 
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in [St 92t (VI. 4)] the union IJigf^ ^iS' contains a nonnilpotent element of S. Hence 
UieF'' ^iS' contains a nonnilpotent element oi Lp. Since LiS' C rad L{6') for all i G F^ , 
it follows from [P-St 04^ Prop. 3.8] that 6' vanishes on H'. 

Recall that Sp = FD^ © S" and S = Sp © 1/, where V is the F-span of Dnix^f''), 

Dh{x2 ) and Dh{xi Xg ). Hence 9^ C 5. Pick a toral element ti E i'\S (such 
an element exists by Lemma 127^1) . By Lemma 12771 we may assume that ti = Df+Di + 
Dh {X1X2) (one should keep in mind here that S'(o) is invariant under all automorphisms 
of S; see [SFnil Thm. 4.2.6]). Set V := (Id - (adt2F"^)(Id - {adti)P-^){V). Then 

Csii') C ^i'aAH') C cs(t') = c^^(t') © V\ cs(t')^ C c^(t') C ^aAH'). 

The elements {ld-{adhy~^){DH{xf^)) and {ld-{adtiy-^){DH{xf~^'>x^r^^)) lie 

in G(p_2) C G'(i) whereas [ti, Dh{x2 )] = 0. Consequently, (id— (adti)^^^)(V) C 
G(i). As adt2 preserves (7(1) we get V C G(i). 

We claim that L[a, P] C G. Indeed, suppose the contrary. Recall that G = S(BV' C 
L[a, /?] + 1/' and g = ^ © FD^ © 1/'. Then S = L[a, /5] + V, hence 

t' C Cg(t') = CL[a,f^]+V'{i') = "^ a^H') + V . 

Since (\E' 0,^/3 (//') + V'^ C '^a,/3iH'), Jacobson's formula and induction on k enable 

us to deduce that {"^aAH') + V'^'^' C (V)'^'' + Eto *«,/3(^')'^'' for all A; > 0. 
From our earlier remarks we know that V C G'(i) consists of p-nilpotent elements 

of g. Therefore, {^aAH') + V')^"^^ C E'=o "^c^AH'))^"^^ for all sufficiently large e. 

Since H' is nilpotent, this forces t' = (t')'^'' C (*^,/3(if' ))^^' for e > 0. But then S' 
vanishes on t'. By contradiction, the claim follows. 

Suppose L[a,f3] ^ H{2; (2, 1))(J) © FDnixf^) © FDnixf'^^x^^'^^) and pick ^ G 
F^ . Recall the elements t^j, E S and /i^ G Ccitfj.) from Lemma 12.1 [ Our present 
assumption on L[a, /3] implies that CL[a,i3](tfi) 2 C*^! see Lemma [2^ i). As L[a, (3] C G 
by our remarks earlier in the proof, L[a,/3] contains an element from {G fl G^) \ G' ; 

call it h. In view of Lemma IT^ ii). we may assume that h = h^ + sDuixf ) for some 
s G F. 

Let ho denote the p-semisimple part of h in the p-envelope of L[a,/3] in g. It is 
immediate from Lemma r2.3( iv) that the elements ho and t^ are linearly independent. 
This implies that t^ := FhaQFt^ is a torus of maximal dimension in g. Recall that the 
restricted Lie algebra homomorphism ^E'q-,/? takes T + L{a, (3)p into g. Hence it follows 
from [St-Ft Lemma 2.4.4(2)] that there exists a torus of maximal dimension T" in Lp 
contained in T + L{a, [3)p and such that t^ = '^aA'^") and T Piker a Piker/? C TnT". 
We denote by H" the centralizer of T" in L. By construction, there exists h G H" 
with '^a,i3(h) = h. 

Set To := T n kera P ker/3. Because L(a,/3) = Cl(To), it is straightforward to see 
that L{Y) = L{a,f3){Y) for every 7" G r(L,T") with Y{To) = 0. Since ^a,/3(T") = 
t^, there exists 6" G r(L,T") such that 6"{To) = 0, 5"(t^) = and 6"{ho) ^ 0; 
see Lemma [23K4). Then C;^ C '^a.,/3{{L{a, /3)){6")) C C^ and 5"(/i) ^ 0. Since 
(L(a,/9))(5") = L{6") by the preceding remark. Lemma l2.2( i) shows that 6" is a 
solvable root which does not vanish on H". In view of |P-St 041 Prop. 3.8], this entails 
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that that every root space Lj^" = {lad L{6"))iS", where i G Fp, consists of p-nilpotent 
elements of Lp. Since \l/a,/3 is a restricted Lie algebra homomorphism, this means 
that for every A G F^ all A-eigenvectors of the linear operator {adh)\c' must act 

nilpotently on S. As this contradicts Lemma r2.3( iv). we now derive that our present 

assumption is false. Thus, L[a,(3] C H{2; {2,l)Y^^®FDH{xf^)®FDH{xf~^^x^i~^^), 
completing the proof. D 

If S* is a minimal ideal of L[a,/3] and TR{S) = 1, then |P-St 041 Thm. 4.4] implies 
the following: 

Theorem 3.7. Suppose S is a unique minimal ideal of L{a,/3) and TR{S) = 1. 
Then there exists 6 G ¥pa + ¥pP such that '^a,i3{L^) C S for all 7 G T{L,T) \ ¥p6. 
Moreover, one of the following holds: 

(1) L[a, f3] = L[ri] for some r] G r(L, T) n (F^a + ¥p(3); 

(2) S ^ H{2- 1)(2), L[a, /3] C Der H{2- 1)^^) and dim *a,/3(T) = 2; 

(3) S®0{m]V) C L[a,(3] C (Der^) (g)0(m;l) x (Id (g) iy(m; 1)), where S is one 
of 31(2), W{l;l), if(2;l)(2), 5^5®0(m;l), andm>0. 

In cases (1) and (2) one can take 5 = Q, i.e. ^a,p{L'y) C S for all 7 G r(L, T). 
More information on the two-sections of L can be found in |P-St 041 Sect. 4]. 

4. Nonstandard tori of maximal dimension 

Prom now on we assume that T is a nonstandard torus of maximal dimension in 
the semisimple p-envelope Lp of L. In light of |P 941 Thm. 1] this implies that p = 5. 
As explained in Sect. 2, the linear functions on T can be regarded as functions on the 
nilpotent restricted Lie algebra Cl^{T). Set H := CiiT) and define 

n = n{L,T) := {6 G r(L,T) I 6{H^) ^ 0}. 

As T is a torus of maximal dimension in Lp, it is immediate from |P 94t Thm. l(ii)] 
that there exist Fp-independent roots a,/3 G T{L,T) for which L[a,j3] = M(l, 1). By 
Lemmas 4.1 and 4.4 of |P 94j . we then have ia + j/3 G fi for all nonzero {i,j) G F^. 
In particular, i7 7^ 0. In view of Schue's lemma |St 041 Prop. 1.3.6(1)], this yields 

(4.1) L, = Zsen [Ls,L,_s] (V7 G r(L,T) U {0}). 

Because of |P 941 Thm. l(ii)] we can also assume that TR{L) > 3. Our main goal 
in this section is to give a preliminary description of the 2-sections of L relative to 
T. More precisely, we will go through all possible types of 2-sections (described in 
Sect. 3) and eliminate some of them by using our assumption on T. 

Lemma 4.1. For any nonsolvahle a G O there exists (3 G T{L, T) such that L[a, f3] = 
M(l, 1) and a([Lia, L_ia], [Lp, -^_^]) 7^ for some z G F^ . 

Proof. Since a is nonsolvable and a{H^) ^ 0, Theorem 13.31 implies that L[a] = 
if (2; 1)(2) © F(l + a;i)^ai. By |P-St 041 Thm. 3.5], there is A; G F^ for which the set 
rii := {5 G T{L,T) I 5{[Lka,L_ka]) ^ 0} is nonempty. Since ^a{H) n i/(2; 1)(2) has 
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codimension one in \I/Q,(iJ), Schue's lemma [St 041 Prop. 1.3.6(1)] implies that there 
exists (3 & Qi with the property that 

Hence there exist hi E L{a)^'^'' Ci H and h2 E [L/3, L^p] with a([/i2, [h2, hi]]) 7^ 0. Note 
that P{[h2, [h2,hi]]) E /5([L^, L_^]^) = by Lemma [3A1 In particular, a and /5 are 
linearly independent over ¥p. Since (3 E Qi, we then have 

(4.2) f3{[h2, [h2, hi]]) = 0; a{[h2, [/12, hi]]) ^ 0; /?([Lfc„, L.^,]) ^ 0. 

We now look more closely at the T-semisimple quotient L[a,/?] of the 2-section 
L(a,/3). Since a is nonsolvable, L\a^fi] 7^ (0). Let S denote the p-envelope of 
the T-socle S of L\a,i5] in Der S*, and set u := '^a,/3{[h2,[h2,hi]]). Given x E S 
we write Xs for the p-semisimple part of x in S. Because the roots a,f3 are ¥p- 
independent, hi E L{a)^'^^ HH = J^jew'' [-^ia'-^-ja] ^^^ ^2 ^ [-^/3) -^-/s]; i^ follows 
from Theorems 13.31 [331 13.61 and 13.71 that u E S. Now relations (14. 2p enable us to find 
f E Sn'^a,/3{[Lka, Lka]) such that the span of Ug and Vg is 2-dimensional. This yields 
'^a,/3(T) C S showing that TR{S) = 2. Since /9([LfcQ,, L^ka]) 7^ 0, we also deduce that 
there are Fp-independent 5i,52 E T(L,T) for which ['i!a,i3{Lsi),'^a,/3{Ls2)] 7^ 0. In 
view of Theorem 13.51 this implies that 5* is a minimal ideal oi L[a,j3]. 

Theorem 13.61 now says that S* is a simple Lie algebra and \E'a^^(L^) C S for all 

7 E T{L, T) n (FpO + ¥p(3). Since a{H, [Lka, L^ka]) ^ 0, the torus ^a,/3(T) cS = Sp 
is nonstandard. Applying [P 94[ Thm. l(ii)] we conclude that L[a,P] = M(l,l), 
finishing the proof. D 

Proposition 4.2. If a eVL and (3 E r{L,T), then one of the following occurs: 

1) L[a,l3] = i0). 

2) L[a,(3] = L[6] for some 6 E T{L,T). 

3) L[5i]« ©L[52]« C L[a,(3] C L[6i] ® L[62] for some 61,62 E r{L,T). 

4) S ®0{m;l) C L[a,(3] C (Der^) ®0{m;l) x {Id ® W {m; 1)) , where S is one 
ofsl{2), W{1;1), if(2;l)(2), S^S0O{m;l), andm>0. 

5) iJ(2;(2,l))(2) c L[a,(3] C /7(2; (2, 1)) and S = iJ(2; (2, 1))(2) = L[a,^]«. 
Furthermore, each i] E r(L[a,/5], \1' 0,^/3 (T)) is Hamiltonian, r](^a,i3{T) H S) ^ 
0, andT{L[a,p],^aAT)) = (F^a © Fp/3) \ {0}. 

6) L[a,(3] ^M(l,l). 

Proof (a) Set T := ^aA^) and H := "^aAH)- If r(L[a,/3],T) = 0, then L{a,(3) 
is solvable, forcing L[a,l3] = (0). If 7^ T{L[a, P],T) C Fp5 for a single root 5, then 
for any 6' E (F^a © Fp/?) \ Fp5 we have that Ls' C radr L{a, (3). Then L[a, /3] = L[6]. 
So we may assume from now that r(L[a,/5],T) contains two roots independent over 
Fp. Then L[a,/5] is described in Theorems 13. 5[ [3l6] and [3171 Let S be the T-socle of 
L[a,(3]. If 5* is not a minimal ideal of L[a,/5], then Theorem 13.51 says that we are in 
case 3) of this proposition. Thus, we may assume further that S" is a minimal ideal 
of L[a, [3]. 
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(b) Suppose TR{S) = 2. Then L[a,P] is described in Theorem 13. 6[ Since a{H'^) 7^ 0, 

there exists r] E T(S,T) with r](^H ) 7^ 0. In cases (l)-(4) of Theorem 13.61 we have 

H G (T + H n S) = (^H n S) , implying that H = c^(T) acts nontriangulably on 

S. But then jFM Thm. l(ii)] shows that S = M(l, 1). This brings up case 6) of 
this proposition. 

(c) Suppose L[a,P] is as in case (5) of Theorem 13.61 Then S = H{2; (2, 1))*^^^ and 
L[a,(3] C H{2; (2, l))^"^^ ® FDnixf^) ® FDnixf'^^x^i''^^). Furthermore, T C Sp. If 
no root in T{S, T) vanishes on T fl S', then Lemma 1^31 (2) shows that we are in case 5) 
of this this proposition. So assume for a contradiction that there is 5 G T{S, T) with 
5{T r\ S) = 0. By Lemma 12. 4[ we have T (1 S = Fu2 7^ (0). Since 6 vanishes on 
M2 G T n S*, we may assume without loss that U2 is a toral element. As before, we 
put G = H{2; (2, 1)) and 9 = SpQ)V, where V C Der S is defined in Sect. 2. Since 
a E Q, the Lie algebra H acts nonnilpotently on S. 

(cl) We first suppose that TnS <^ S(o). Then we can find "^0,13 such that TnS = Ft^ 
where fi E F; see Lemma 12. 1[ Thus, no generality will be lost by assuming that 
U2 = tfj,. But then it follows from Lemma [2.2( i) that 

HcC.n {h{2- (2, 1))(2) © FDn{xf^) ® FD^ixf-'^xf^)) = C'^ 

and [H,H] C [C'^,C'^] = (0). Since H acts nontriangulably on S, this is impossible. 

(c2) Now suppose that T n S C S'(o). Then T fl S'(o) contains a nonzero p-semisimple 
element, say t; see Lemma 12.41 It follows from Lemma 12.41 and our earlier remarks 
that g = T + G. As grt G ^(^/^(i) = sl{2) acts invertibly on G'(_i) = G/G(^o), this 

implies that H C T + Cg{T) = T + Cq^-^^ (T). But then H C G'(i) acts nilpotently on 
G, a contradiction. 

As a result, no root in r{S,T) vanishes on H (1 S and we are in case 5) of this 
proposition; see Lemma [231 (2). 

(d) If L[a, (3] is as in case (1) of Theorem 13. 71 then it is listed in the present proposition 
as type 2). If L[a,(3] is as in case (2) of Theorem [321 then S = H{2;lY^\ L[a,(3] C 
Dei H {2; 1)^'^\ and T is a 2-dimensional torus in Der S^. It is well-known that any 
2-dimensional torus in Der S* is self-centralizing; see |St 92^ (III.l)] for instance. But 
then 7(if*^^^) = for all 7 G FpQ;©Fp/3. Thus, this case cannot occur in our situation. 
Finally, case (3) of Theorem 13.71 is listed as type 4) in the present proposition. D 

Corollary 4.3. Let a e Q and (3 G r(L,T). If L[a,(3\ is as in cases 1), 2), 3), 
5) or 6) of Proposition \4^ then XlieF'' {'^^^^{■y))^^ C lad-T L{a, P) for all nonzero 

7GFp« + Fp/?. 

Proof. If L[a,/3] is of type 1) or 2), then all 1-sections of L[a,/3] are semisimple and 
there is nothing to prove. If L[a,P] is of type 3), then there are hi E H n L[6i] 
such that 6i{hi) 7^ 0, where i = 1,2 (recall that H = "^apiH)). It follows that 
radL[a,P]{5i) C H + L[5i\'''^\ As each L[5i\^'^^ is simple, we get rad{L[a, P]{'j)) C H 
for all nonzero 7 G F^a ©Fp/3. If L[a, P] is of type 5) or 6), then all T-roots of L[a, /5] 
are Hamiltonian and the corresponding root spaces are 5-dimensional (see Lemma [231 
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and |P 941 Lemmas 4.1 & 4.4]). Hence in these cases rad(L[a,/3](7)) C H for all 

7e(Fpa©Fp/3)\{0}. D 

Lemma 4.4. The following hold for every 7 G r(L, T) wi/i 7(if ) 7^ O.^ 

(a) ^4// elements in IJieF^ (-^^ '"' [(^3'd-^(7))i7, -^-47]) o'^e p-nilpotent in Lp. 

(b) 7/7 G r2, t/ien all elements in IJieF'' ((radL(7))j^ U [(radL(7))j^, L_j^]) are 
p-nilpotent in Lp. 

Proof. We will treat both cases simultaneously. Set 

fi' := {a e r(L,T) | a(UeF,- (^' ^ [(radL(7)),^, L_,^]) ^ o}, 

n" := {aGr(L,T)| a(u,rx((radL(7))i;l U [(radL(7)),,7,^-n]))^0}. 

Assume for a contradiction that either i7' 7^ or 7 G i7 and Q" ^ 0. Note that 
n' C (]"n(]. Since 'y{H) ^ 0, Schue's lemma |St 041 Prop. 1.3.6(1)] shows that there 
exists /i G f2' or /i G fi" for 7 G f2 such that 

(4.3) 7([^m.^-m])7^0. 

In both cases, the type of L[7,/i] is determined by Proposition 14.21 If L[7,yu] is as in 
cases 1), 2), 3), 5) or 6) of Proposition 14.21 then ^jgjrx (radL(7))j^ C radT77(7,/i) 

by Corollary 14.31 Since /i G il" in both cases, this yields L±^ C radT-^(7,/i)- Easy 
induction on n based on (14. 3 p now gives 

^(radL(7)).7 C f| (radTL(7,/i))^"^ = (0). 

Since this contradicts our assumption that either ^2' or ^2" is nonempty, L[7,yu] must 
be of type 4). Then the minimal ideal of L[7, /x] has the form S = S® 0(m; 1), where 
5" is a restricted simple Lie algebra of absolute toral rank 1 and m > 1. According 
to |P-St 991 Thm. 3.2] we can choose \E'^,^ such that T = \E'^^^(T) has the form 
F(/io ® 1) © F{d © 1 + Id^ ® to) for some d G Der 5* and some nonzero toral elements 
to e W{m\X) and /io G S*. 

Since Ti?(L[7,/x]) = 2, the roots 7 and /x span the dual space of T. Therefore, 
7(/io ® 1) 7^ or /i(/io ® 1) 7^ 0. It is straightforward to see that 7 vanishes on all 
(radL(7))|!|,^ and [(radL(7))j^, L_j^] with z G F^. Because /i G f2", this observation 
in conjunction with (14.31) shows that \I'^^^(Lj^+j^) d S ® 0(m; 1) for all nonzero 
(i, j) G (Fp)^. There are in both cases 

^ e \^^&^ ((radL(7))S!^' U [(radL(7))i^,L_i^]) and h G [L^, 7v_^] 

such that 7(a;W) = 0, /x(a;W) ^ and 7(/i) ^ 0. But then 2 < Ti?(5 ® 0(m; 1)) = 
TR{S) = 1, a contradiction. D 

Proposition 4.5. Let a G fi anc? /3 G r(L,T) be such that L[a,l3] is as in case 4) 

of Proposition \J^ Then S = S ® 0(1; 1), where S = H{2;lY'^\ and ^„,^ can 

be chosen such that T := '^a,i3iT) = F{ho © 1) © -F(Ids' © (1 + Xi)9i) for some 
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nonzero toral element ho G S. Furthermore, Q ^ T{L,T) and the following hold for 

7Gr(L[a,/?],T).- 

7 ^ fi => a{L^^^) ^0 or /5(LW) ^ 0. 

Proof. By our assumption, 5 = 5® 0(m; 1) where m > 1, S* is one of sl(2), VT (1; 1), 
i7(2; 1)(2). Recall that ^„,/3 takes T + L{a,P)p into Der(5 ® 0(m; 1)). Let 

tt: Der(5®0(m;l)) = (Der 5) ® 0(m; 1) x (Ids ® iy(m; 1)) -4. iy(m;l) 

denote the canonical projection. According to |P-St 99t Thm. 3.2], we can choose 
\1/q,,^ such that 

T := ^„,/3(r) = F{ho 0l)®F{d0l + Ids ® to), 

where Fho is a maximal torus of S", c? G Der S and to is a toral element of Vr(?7i; 1). 
Moreover, if to ^ W^("^;i)(o), then to = Yl^i SiXidi, where Si G Fp, and if to ^ 
W{m; l)(o), then c? = and to = (1 + Xi)9i. 

Our argument is quite long and will be split into two parts, each part consisting 
of several intermediate statements. Given a subset X of T + L{a,P)p we denote by 
X the set {^o,/3(a^) | x E X}. If {xi, . . . , Xm} is a generating set of the maximal ideal 
0(m; l)(i), then we sometimes invoke the notation ©(m; 1) = F[xi, . . . ,Xm]- 

Part A. We first consider the case where to G W{m;l)(^oy 

Claim 1. tt(H) C W{m;l)(^o)- 

Indeed, suppose the contrary. Then Schue's lemma |St 04[ Prop. 1.3.6(1)] shows that 
there exists k G T{L,T) with k(H) 7^ such that n^lL^, L^^]) ^ W^("^;i){o)- Then 
there is £" G \L^, L_«,] such that E = E' + Id^ (g) ■n{F) with E' G (Der S) ® 0(m; 1) 
and T^{E) = J2^i '^A ^ (mod W{m]l)(^o)) ^01 some a^ G F. No generality will 
be lost by assuming that ai 7^ 0. Then 

0= [to,7r(E)] = YlT=i(^iSidi (mod 1^(771; l)(o)), 

forcing Si = 0. But then ho ® x\^ G H and 

{B.dEY~\ho ® x?-') G F^(/io ® 1) + 5 ® 0(m; l)(i), 

which implies that [L«;,L_k]^ ^ nil ifp. As this contradicts Lemma |3.H the claim 
follows. ■/ 

Claim 2. There exists v G r(L[a,/5],T) with n{L^) (f_ W^(m; l)(o) and viho ® 1) = 0. 

Indeed, 5* is derivation simple and 7i{T + H) C W{m;l)(^o) by our general assumption 
in this part and Claim 1. Hence there is z/ G r(L[a,/3],T) with 7i{Li^) (f_ W{m]V)i^o)- 
Since vr([/io ® 1, F^ = 0, it must be that z/(/io ® 1) = 0. / 

Claim 3. If-f G r{F[a, f3],T), then 7 G fi ^ 7(/io ® 1) ^ 0. 

Let 7 be any root in T{F[a, P],T) with 7(/io®l) = 0. As /io®l G T is a nonzero toral 

element, 7 G F^ z/, where u is the root from Claim 2. Hence there is i? G Lj^ for some 

i E¥p, such that vr(_E) ^ W^(^;l){o)- As before, we have that n{E) = J2^i ^A ^ 

(mod W {m; 1) (^0)) , and it can be assumed that ai 7^ 0. Then /iq C?) a;i G S^i^. Note 
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that ho®0{m; 1) is an abelian ideal of the centrahzer of /iq® 1 in Der S. Consequently, 

/lo ® a^i £ rad(L[a,/5](7))_i^ and 

ai/io ® 1 = [E,ho^ xi\ (mod S* ® 0(m;l)(i)). 

It follows that [Li^, (radL(7))_j^] contains an element which is not p-nilpotent in Lp. 
Then 7 ^ ^2 by Lemma l44l Since a G f2, these considerations show that a(/io®l) 7^ 0. 
As a consequence, 

ia + j'y e Q ^ {ia + j'y){H^) y^O^ieW^ -^ {ia + j'j){ho o 1) 7^ 0, 

hence the claim. / 

Claim 4- The Lie algebra vr(if)'^ consists of p-nilpotent elements ofW{m]l). 

Otherwise, there is y e H^ with y^^^' e T \ F{ho ® 1), so that yl^l' = bi{ho ® 1) + 
b2{d (g) 1 + Ids (g) ^0) for some bi e F and 62 e F"". Let v G r(L[a,/3],T) be as in 
Claim 2. Then v{ho » 1) = and z/(rf ® 1 + Id^ ® to) ^ 0, forcing y{y^P^') ^ 0. It 
follows that V &VL. This contradicts Claim 3, however. / 

Claim 5. d E Fh^. 

Claim 1 in conjunction with our standing hypothesis in this part shows that there is 
a Lie algebra homomorphism 

* : (Der S) 0(m; 1) + (H + T) — > Der S 

whose kernel is spanned by (Der S')®0(m; l)(i) and those elements of H+T which map 
(Der S)0O{m] 1) into (Der S)0O{m] l)(i). Suppose d ^ Fh^. Then *(T) = Fho®Fd. 
Since rf is a semisimple derivation of S", it follows that S = iJ(2; 1)^^) and \E'(T) is a 
torus of maximal dimension in Der 5*. Since every such torus is self-centralizing in 
Der S, by |St 921 (III.l)], it must be that F C T + ker^. Note that 

(H + T) C (Der S) ® 0(m; 1) + F(Id5 ® to) + Ids ® 7^(H) 

and F(Ids ® to) + Ws ® vr(if ) c ker ^ by our assumption on to and Claim 1. Hence 

H C (T + ker ^) n ;S^ C (ker '^)n(H + T)+T 

C (Der S) 0{m; l)(i) + F(Ids to) + Ids ® t^(H) + T, 



forcing H C (Der S) 0(m; l)(i) + Ids ® tt{H)^. In view of Claim 4 the Lie algebra 



on the right acts nilpotently on S 0O{m; 1). But then H acts nilpotently on L[a, f3] 
a contradiction. / 



As a consequence, H n {S 0(m; 1)) = Cs(/io) ® Anno(m.i) (to) and we may take 
d = 0. 

Claim 6. Let v be as in Claim 2. Then 

HnS C ^„,^([(radL(z/))_„L,])+Fn(5®0(m;l)(i)). 

By definition, there is E E Ly such that 

<E) = ET=l(^^9^ ^ (mod iy(m; l)(o)), a^ ^ 0. 
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We have shown in the course of the proof of Claim 3 that Cs(/io) ® xi C radL(i^)_^. 
Then Csiho) ® F C [E, S-u] +Tl n {S n 0(m; l){i)). As a consequence, 

HnS = Csiho)(g)Annoirn;i)ito)c Csiho)(S)F + csiho)^0{m;l)(^i) 
C [I„(radL(z/))_J +Hn{S(g)0{m;l)^i^). / 

Claim 7. If u is as in Claim 2, then ^{H) = 0. 

As S^F is T-stable and S is not nilpotent, there is yU G T{S, T) with {S®F)^ ^ (0). 
Then /i(Id5 ® to) = and hence /i(/io 1) 7^ 0. It follows that 

L[a,/?](^) C S®0{m;l) + H d (Der ^) ® 0(m; 1) + Id^ ® W(m; l)(o). 

Let $: L[a,(3\{ii) -^ Der S" denote the natural T-equivariant Lie algebra homomor- 
phism with ker$ = L[a,P]{fi) n ((Der S) (g) 0(m; l)(i) + Id^ (g) W{m;l)(^o)) and 
S C im$. Then jSTOil Thms 1.2.8 & 1.3.11] show that 

Ti?(ker$) < TR{L[a,(3]{i2))-TR{S) < TR{L{i2)) -TR{S) < 1-TR{S) < 0, 

implying that ker $ is a nilpotent ideal of L[a,/5](/i). As $(L[a,/3](/i)) contains S, it 
is semisimple, hence isomorphic to L[fi\. Note that /i G fi by Claim 3. As L[fi] 7^ (0), 
Theorem [Sj says that p = 5 and ^L[a,p]{fi)) ^ i^(2; 1)(2) © F(l + x^^^s. In 
particular, /i is Hamiltonian. Observe that 

(4.4) {ad{l + xi)%)Y{DH{{l+xifxl) = Dh{{1 + Xi)x2). 

By (the proof of) Lemma [3.41 we may assume that ho = -D_ff((l + Xi)a;2). Then (14.41) 
shows that there exists T> e ^{H) such that [D, [D, C5'(/io)]] <t nilc5(/io)- 

Note that mlcs{ho) has codimension 1 in csiho). As ker$ acts nilpotently on 
L[a,/?](/i), thereis^ G^with/i([5, ['I),SnW]])^0. Since Fn (S ® 0(m; l)(i)) 

is an ideal of H, Claim 6 entails that \E'a^^((radL(z/))_j,, L^]) fl H does not consist 
of p-nilpotent elements of Lp. In view of Lemma [4.4( 1). this yields that i^iH) = 0. / 

Since to ^ W^("^;i)(o)) the 2-section -L[q;,/?] is semisimple (not just T-semisimple), 
and S is the unique minimal ideal of L[a,/3]. On the other hand, applying Proposi- 
tioning] with t = T n ker z/ shows that the unique minimal ideal of L[a, jS] is a simple 
Lie algebra (notice that 0^(1) = -^(z/) is nilpotent by the Engel-Jacobson theorem). 
But then m = 0, a contradiction. This means that the case where to G W^(^w;l)(o) 
cannot occur. 

Part B. Thus, we may assume that to ^ W{m;l)i^oy Because of |P-St 991 Thm. 3.2] 
it can be assumed further that T = F{ho ® 1) © F{lds © (1 + xi)9i). Then HnS = 
Cs'(^o) ^F[x2, . . . ,Xm]- Since a and (3 are Fp-independent, there exists A G ¥pa + ¥pi3 
such that X{ho (g) 1) = and A(Id5 (g (1 + Xi)(9i) = 1. Note that 



(4.5) Fho ® (1 + XiY C Six C (radL(A)),.;, Vi G Fp^ 

Hence (radL(A))jA contains nonnilpotent elements of Lp for all i G F^ . Lemma 14741 (b) 
yields X ^ Q. Since S* ® F is T-stable and not nilpotent, there is k G T{L[a, P],T) 
with {S (g) F)«; 7^ (0). As K{lds ® (1 + a;i)9i) = 0, it must be that K{ho (g 1) 7^ 0. 

Claim 1. If-f eT{L[a,P],T), then -f E n ^ 7(/io (g 1) ^0. 
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As a E Q and X ^ Q, one has ia + jX E Q for all i G F^ and j G ¥p. So 

ia+jXe^^ij^O^ {ia + jX){ho®l) ^0 \/i,j G ¥p. 

Since a and A are Fp-independent, their Fp-span contains r{L[a, l3],T). / 

It follows from Claim 1 and (14 .Sp that r{L[a, (3],T) \Q = F^ A and L^ contains 
nonnilpotent elements of Lp for all 7 G r(L[a,/3],T) \ Q. Thus, it remains to show 
that 171 = 1. 

Claim 2. The subspace ^"^2 ^ ® XjO{m;l) is H -invariant. 

Note that L[a, P]{n) = H + S ® F[x2, . . . , Xm]- In particular, k is nonsolvable. Let 
ip: L[a,f3]{K,) -^ L[k] denote the canonical homomorphism. By Theorem 13.31 the 
Lie algebra L[k]*^-'^) is simple. As the ideal 5* ® F[x2, . . . ,Xm\ is perfect, ip maps it 
onto L[k](-^\ As a consequence, 5* F[x2, . . . ,x.m]{i) = hertp fl (5* F[x2, . . . ,Xm]), 
showing that S ® F[x2, . . . , Xm\{i) is //-invariant. •/ 

Claim 3. S = H(2;l)^'^^ and [D, [D,h]] acts nonnilpotently on S for some D E H 

and heTinS. 

We have seen in the proof of Claim 2 that 

L[fi:] =7/'(L[a, /?](«:)) = L[a, /3](fi:)/rad(L[a, /?](«:)) ^ 5 + if/ (// H radL(fi:)). 

Our choice of k and Claim 1 imply that k G ^2. So Theorem 13.31 implies that L[n] = 
ii(2; 1)(2) © FD and there exists h G Y.i&>' [Lin, L_i^] such that [D, [D, ^^(/i)]] acts 

nonnilpotently on L[k]. Pick D G ip~^{D) fl H and set h := '^a^pih)- Standard toral 
rank considerations show that ker?/' acts nilpotently of L[a,(3\{K) (see the proof of 
Claim 7 in Part A for a similar argument). In light of the preceding remark this 
implies that k{[D, [D, h]\) ^ 0. / 

Claim 4- m = 1. 

We first note that L[a, P] C L{X) + (Der S) (8> 0(m; 1). If all derivations from the set 

Ujgpx Id5 ® T^{Lix) preserve the ideal / := Yl^=2 ^ ® Xj(D{m; 1) of (Der 5") 0(m; 1), 

then Claim 2 entails that J is a nilpotent T-stable ideal of L[a,(3]. Since L[a,/?] is 
T-semisimple, this would force m = 1. 

So assume for a contradiction that there exists E G Lkx for some A; G F^ such that 
Id^ © tt{E) does not preserve /. Since 7r{E) is an eigenvector for (1 + xi)^! with 
eigenvalue k y^ 0, it has the form 

7l(E) = f,{x2,...,X^){l+Xi)'+'di + Y.T=2fji^2,...,Xm){l+X,)''d, 

for some fi, . . . , fm G F[x2, . . . , Xm]- As tt{E) does not stabilize /, it must be that 
fjo{0) 7^ for some jo > 2. After renumbering we may assume that jo = 2. Since 
Cs{ho) ® (1 + XiY^'^X2 C S^k\ C (radL(A))_fcA! we have that 

Cs{hQ)®F C \E,S^k\] + {s®F[xi,...,Xm\i))r\H 

= [E,S^kx\ +Cs{ho) (g)F[xi,...,xJ(i). 
From this it follows that 



H nS = Cs{ho) ® F[xi,...,Xm\ C [LfeA, (radL(A))_fcA] + Cs{ho) ® F[x2, . . . ,Xm]{i)- 
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The subspace I H H = Cs{ho) ^ F[x2, ■ ■ ■ , Xm]{i) is iif -invariant by Claim 2 and acts 
nilpotently on L[a,(3]{K,). These observations in conjunction with Claim 3 imply 



t3 _ r^ 



that (ad D)^([LfcA, (radL(A))_A,.A]) C H n [L^a, (radL(A))_fcA] does not consist of 
nilpotent derivations of S. But then X{H) = by Lemma [4.4( a). 

We now set t := T fl ker A. Since L{X) = CL^i) is nilpotent by the Engel-Jacobson 
theorem, Proposition 13.21 says that L(a,/5)/radL(Q;,/5) has a unique minimal ideal, S' 
say, which is a simple Lie algebra. Then S' must be the image of 5* = 5'®0(wi; 1) under 
the natural homomorphism 0: L[a,/9] -» L(a,/5)/radL(a,/5). As a consequence, 
ker0 n S coincides with the radical of S. As the latter equals S ® 0(m; l)(i), we 
derive that 5* ® 0(m; l)(i) = ker0 fl S* is an ideal of L[a,P]. On the other hand, 
TT^E) ^ W{m;l)(^Qy This shows that our present assumption is false and m = 1. / 

The proof of the proposition is now complete. D 

Corollary 4.6. Let a E Q, P E T{L,T) and suppose L[a,P] is as in case 4) of 
Proposition^^ Then 'Yl,i&^ (radL(7))j^ C la^dx L[a, j3\ for all^y G Qn(¥pa + ¥pP). 

Proof. Pick 7 G f2 fl (FpO; + Fp/3) and view it as a T-root oi L[a, j3]. In the present case 

L[a,/?](7) = ^+^(7) and S = i7(2; l)(2)(g)0(l; 1); see Proposition |431 Furthermore, 
in the notation of Proposition 14.51 we have that 7 = in + jX for some z G F^ and 

j G Fp, where n, X E T are such that k^Hq 1) = r G F^ , nijds ® (1 + Xi)9i) = 0, 
X{ho ® 1) = and A(Id5' ® (1 + a:i)<9i) = 1. Let Sg denote the £-eigenspace of ads ho- 
Then ^ 

as Lie algebras. Hence rad(L[a,/?](7)) = rad (if +S'(7)) C H. The result follows. D 

We are now in a position to prove our first result on the global structure of L. 

Theorem 4.7. If a eVL, then a is Hamiltonian, dimL^ = 5, and radL(a) C H . 

Proof. For 7 G r(L, T) put R^ := (radL(7))^. Let jj, EVthe such that radL(/i) ^ H. 
By Theorem 13. 3[ the radical of -L(/i) is T-stable. Hence there is a G F^ such that 
(radL(/i))a^ 7^ (0). Put z/ := a/i and note that v eVL. For k E Z+ define 

h '■= Rv, h '■= 2_^ [-^71' [■ ■ ■ [-^Tfe'-^i^] ■ ■ ■]]' -^ •= / , h- 

7i,...,7fe fc>0 

Clearly, / is an ideal of L containing R^. We intend to show that I C. L. As a first 
step we are going to use induction on k to prove the following: 

Claivfi. // z/ + 7i H h 7fc ^ ^; ihen [L^^ , [■ ■ ■ [L^^ ,Ry\- ■ ■]] C i?^+^j+...+^^ . 

The claim is obviously true for /c = 0, and it also holds for k = 1 thanks to Corollar- 
ies 14.31 and 14. 6[ Suppose it is true for all A; < n and let 71, . . . , 7„ G T{L, T) be such 
that z/ -|- 7i -|- ■ ■ ■ -|- 7„ G f2. If z/ -|- 7j G i7 or z/ -|- 7j ^ r(-^j T) for some i < n, then 
applying Corollaries 14.31 and 14.61 gives 

[-^71' [■ ■ ■ [L-r^y^u] ■ ■■]] C [L^j, [■ ■ ■ [L^^ ■ ■ ■ [L^^, [L^^,R^]] ■■■]■■■]]+ In-i 

C [L^j , [■ • ■ [L^. ■ ■ ■ [L^^ , Ru+^,] •■•]■••]]+ In-i- 

In this case the claim holds by our induction hypothesis. So assume from now that 
z/ -|- 7j G r(L, T)\VL for all i < n. We may also assume that z> := z/ -|- 71 -|- . . . -|- 7„ is 
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not solvable, for otherwise we are done. According to Lemma H?T] there is /t G T{L, T) 
such that L[z>, k] = M(l, 1). Moreover, it follows from |P 94i Lemmas 4.1 & 4.4] that 
the radical of every 1-section L[i>, k]{S) is contained in '^c,^f^{T) and 

(4.6) {¥pD + ¥pK) \ {0} C n. 

Take an arbitrary k' G {¥pi>+¥pK)\¥pJy. It follows from (gS]) that i> + ¥pK' C T{L,T). 
Note that the rule 

7 X7' -^^ (7-7')|H3 = 
defines an equivalence relation on the set of all F-valued functions on H. Since 
7j X —u for all i < n, we have that u x (1 — n)z/. If zz + k' x 0, then z/+ (1 — n)/?' ^ Q. 
As z> + (1 — n)K' 7^ by our choice of k', this is not true; see (14.61) . Thus, z/ + k' 5^ 0, 
showing that z/ + k' G fi whenever z/ + k' G r(L, T). But then [i?,^,//^'] C Ru+k' 
by Corollaries 14.31 and 14. 6[ As z/ + 7^ x and k' G f2 by (14.61) , we also have that 
z^ + (7i + k') G fi whenever z/ + (74 + k') G r(L, T) for all i < n. So arguing as above 
one now obtains that [[L^., L^'], -R^] C Ry+^^+^i. This implies that 

[L^i, [■■■[L^„,i?^] ■■■]], L«/ C /^i^+K' C radL(z>, k'). 

As M(l, 1) is a simple Lie algebra, Schue's lemma [St 04[ Prop. L3.6(l)] yields 

vi/,,,,([L^^,[...[L^„,i?,]...]]),M(l,l)] = (0), 

forcing [L^-^, [■ ■ ■ [L^„, i?^] ■ ■ •]] C (radL(z/, k'))^ C (radL(z>)),> C R^. This completes 
the induction step. 

As a consequence, I^ C -R^ for all 7 G i7. On the other hand, it follows from |P 94t 
Lemma 3.8] that Vt contains at least one Hamiltonian root, A say. Then Ix 7^ L\, 
implying I ^ L. Then / = (0), proving that radL(yu) C H for all ^ & Vt. As a 
consequence, all roots in Vt are nonsolvable. 

Now let a G f2. Because a is nonsolvable, it follows from Theorem 13.31 that a is 
Hamiltonian. Since radL(a) C H, this gives diniLo, = 5. D 

5. Further reductions 

In this section we are going to prove that no root in r(L,T) vanishes on H^. 
Theorem 14.71 will play a crucial role in our arguments. 

Lemma 5.1. If ^ E r(L, T) does not vanish on H, then 7 G i7. 

Proof. Suppose there is /? G r(L, T)\VL such that I3{H) ^ 0. By (gH), there is a e Vt 
such that /5([Lq,, L_Q,]) 7^ 0. Then [L^, [Lq,L_q,]] = L^, implying that a + /3 G r(L,T) 
or —a + [3 G r(L, T). Since (3 ^ Vthy our assumption, we have that a + [3 E Vt oi 
—a + [3 E VL. Theorem 14.71 then shows that {a, a + [3} oi {a, —a + f3} consists of 
nonsolvable roots. Then L[a,/5] cannot be of type 1) or 2) of Proposition 14.21 

Suppose L[a,l3] is as in case 3) of Proposition 14.21 and set 5i := a, 62 := a + j3 if 
a + /? G r(L, T) and ^i := a, 62 '■= a — P if —a + /5 G T{L, T). In either case, we can 
find elements hi, h2 G H^ such that Si{hj) = 6ij for i,j G {1,2}. As a consequence, 
a{h2) = and /?(/i2) 7^ 0. But then /5 G fi, a contradiction. 

Suppose -L[a,/5] is as in case 4) of Proposition 14. 2[ Then Proposition 14.51 applies. 
As a G fi. Proposition 14.51 says that a(/io®l) 7^ 0. This forces '^a,i3{L±a) C S. Since 
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P{[La, L_a]) 7^ 0, we now deduce that P does not vanish on '^a,i3{.H) fl S. This forces 
/3(/io® 1) 7^ 0. Applying Proposition 14.51 once again we obtain /5 G f2, a contradiction. 
Suppose L[a,(3] is of type 5) of Proposition Ol Then S = /7(2; (2, 1))(2) and 
L[a,(3] C H{2]{2,1)). In this case "^aA^)^ ^ S, and it follows from Lemma [23] 
and Demuskin's description of maximal tori in H(2;l)^'^^ that '^aA-^) ^S is abelian 
and nil(^„,/3(if) n S) has codimension 1 in '^aA^) n 5^; see |St 041 Thm. 7.5.8] for 
instance. As a G fi, this means that ^a,/3(-ff) n 5* = '^^AHf + ra\[^!aAH) n S). 
As a consequence, 7 G r(L[a,/3], \E'q^/3(T)) is in fi if and only if ^yi^^aA^) H 5*) 7^ 0. 
As q; G f2, Theorem 14. 71 implies that a does not vanish on [\1'q^^(Lq), \i/Q^^(L_Q,)]. As 
^olA-^^ol) C S", this shows that 

^^AH)r\S = [^„,^(L„),^„,^(L_,)] +nil(^„,^(if)n5). 

But then jSi^aA^) H 5) 7^ by our choice of /?, implying that /5 G il. Since this 
contradicts our choice of /?, we derive that L[a,[3\ cannot be of type 5). 

If L[a, (3] is as in case 6) of Proposition |42l then (FpO + ¥pf5) \ {0} C fi by jFM 
Lemmas 4.1 & 4.4]. So this case cannot occur either, and our proof is complete. D 

Proposition 5.2. If ^ E r{L,T) vanishes on H, then L^ consists of p-nilpotent 
elements of Lp. 

Proof. Suppose for a contradiction that there is /i G T{L,T) with fi{H) = such 
that a(L|r) 7^ for some a G T{L,T). It follows from ( 14. ID that every root is 
the sum of two roots in Q. Therefore, we may assume that a G fi. Since a is 
nonsolvable by Theorem 14.71 there exists /5 G fi such that L[a,/5] = M(l, 1) and 
a[[Lia, L-ia], [Lp, L^iA) 7^ for some i G F^ ; see Lemma l4?n Lemma ISTTl shows that 

I3en. ' _ _ 

We now consider the T-semisimple 3-section L[Q;,/?,/i]. Set T := \E'q,^/3^^(T), H : = 
^a,pA-^) ^^^ ^ '■~ S{a,P,fi). Given a Lie subalgebra M of L[a,/5, /i] we denote 
by M[p] the p-envelope of M in Der S. Note that the restricted Lie algebra T + 
L[a , (3 , fi][p] C Der 5* is centerless. As T is a torus of maximal dimension in T + 
L{a, (3, fi)p, it follows from [St 04| Thm. 1.2.8(4a)] that T is a torus of maximal 
dimension in T + L[a, j3, fi\ip]. Let J be a minimal T-invariant ideal of L[a,l3,fi]. 
Then TR{J) < TR{L[a, p, fi]) < 3; see jSFOil Thms 1.2.7(1) & 1.3.11(3)]. 

(a) Suppose TR{J) = 3. Then it follows from |St 041 Thm. 1.2.9(3)] that the restricted 
Lie algebra (T + L[a,/5,/i][p])/J[p] is p-nilpotent. From this it is immediate that 

T C J[p], J = S and L[a,P,fi] = H + S. By Block's theorem, S = S^O{m;l), where 
S* is a simple Lie algebra and m G Z_|_. Let vr denote the canonical projection 

Der(5® 0(m;l)) = (Der 5) ® 0(m; 1) x Id^ ® iy(m; 1) ^ W{m]l). 

In the present situation |P-St 99| Thm. 2.6] implies that the torus T is conjugate 
under Aut(S' ® 0(m; 1)) to Tq <S) F for some torus To in Sp. Hence we can choose 
^a,/3,At such that T = Tq® F. Then L[q;, /?,//] (a) = H + S{a) 0(m; 1). Since a 
is nonsolvable, there is a surjective homomorphism ip: L[a, P, fi]{a) -» L[a] 7^ (0). 
By Theorem 13.31 (im^)*^^-* is a simple Lie algebra and the unique minimal ideal of 
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im?/;. Since Tq is a torus of maximal dimension in Sp, Theorem 13.31 also applies to 
the 1-section S[a]. So it must be that (im^)*-^-' = S'[a;]''"'^\ As a consequence, 

S{a)^^^ n ker ^ = (rad S{a) n S{aY^^) ® F + Siaf'' ® 0(m; l)(i) 

is i7-invariant. As S{a) is not solvable, it follows that vr(i7) C W{m;l)(^oy But then 
S ® 0{m; l)(i) is an ideal of L[a, (3, /x]. As L[a, (3, fi] is T-semisimple and T = Tq® F, 
we now obtain that m = and L[a, /?, /i] = H + S. 

As a consequence, \E'a,/3,/i(-Z^7) C S for all 7 G T{L[a, P, fi],T). This implies that 
L[a,/3] = M(l, 1) is a homomorphic image of the 2-section S{a,P), showing that 
iJ n 5* is a nontriangulable subalgebra of S. We now set t := '^a,i3,fiiT fl ker/x) and 
P) := S{fi). Then S is simple, t is a torus of dimension at most 2 in Sp, and HnS C P). 
This inclusion in conjunction with our assumption on /i and the Engel-Jacobson 
theorem shows that f) is a nontriangulable nilpotent subalgebra of S. But then |P 94[ 
Thm. l(ii)] yields S ^ M(l, 1). As TR{M{1, 1)) = 2 by fPM Lemma 4.3], we reach 
a contradiction thereby establishing that TR{J) < 2. 

(b) We now put T' := T fl J[p] and observe that 

dimr > Ti?(j[p],T + L[«,/5,/i][p]) = TR(J[p^) ^ 0; 

see |St 041 Thms 1.2.9 & 1.2.8(2)] (one should also keep in mind that T + L[a,/3,/i][p] 
is centerless). 

Suppose fi(T') 7^ 0. Then "^ a,i3,fiiLifj) C J for all z G F^ and hence '^a,i3,^i{La) C J 
by our choice of a. Since L[a, (3] = M(l, 1) is simple, it follows that ^a,/3,/i(-^i«+j/3) C. J 
for all nonzero {i,j) G F^. As a consequence, the p-envelope of if fl J in Jip] contains a 
torus of dimension at least 2. This torus must be smaller than T', because n vanishes 
on H. But then TR{J) > 2 which is not true. 

Thus, /x(T') = 0. Then a(T') 7^ or /3(T') 7^ 0. Relying on the simplicity 
of L[a,P] = M(l, 1) and arguing as before, we derive that J(a,/3)/rad J(a,/3) = 
M(l,l). As fi{T') = 0, it follows that dimT' = TR{J) = 2. By Block's theorem, 
J = J' ® 0{k]V) for some simple Lie algebra J' and some k G Z+. The above shows 
that TR{J') = 2. The natural homomorphism J -^ J/ J' (g) 0{k;l)(^i^ = J' maps 
J{a,P) onto a subalgebra g of J' such that g/radg = M(l,l). As TR{J') = 2, 
this implies that Jp contains a nonstandard 2-dimensional torus. Applying |P 94t 
Thm. l(ii)] now yields J' = M(l, 1). Since this holds for every minimal T-invariant 
ideal of L[a,P,fi] and TR{L[a, P, fi]) < 3, we may conclude at this point that the 
T-socle 5* = S{a, /5, /i) = S* ® 0(m; 1) is the unique minimal ideal of L[a, /?, fi]. 

Recall that all derivations of 5* = M(l, 1) are inner; see |St 041 Thm. 7.1.4] for 
instance. In this situation [P-St 991 Thm. 3.2] says that ^«,/3,^ can be chosen such 
that T = (To (g) 1) + F(Id5 <S) to), where Tq is a 2-dimensional torus in S'p = S" and 
to £ W{m]l). Furthermore, L[a,/5, /i] = M(l, 1) ® 0{m;l) x Id^ ® d for some Lie 
subalgebra d of W{m;l). Note that T' = T n S = Tq ® 1. Using the simplicity of 
L[q;,/?] and arguing as before, we observe that '^a,/3,n{Lia+jf^) C S for all nonzero 
{i,j) G Fp. By the choice of /3, we then have a(^[Sia, S-ia], [8/3,8-/3]) 7^ for some 
i G Fp . This means that Tq is a nonstandard torus in S* = M(l, 1). 
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If to ^ W^("^;i)(o)) then we may assume further that to = (1 + 2^i)t^i; see |P-St 99[ 
Thm. 3.2]. Choose /i, h' G Cs{Tq) such that [h,h'] acts nonnilpotently on 5*. Recall 
that /i(To (S) F) = 0. Then /^(Ids (S> to) 7^ and hence there exists r G F^ such that 
/i (g) (1 + si) G Sr^ and /i' (g) (1 + Xi)^""*^ G S-r/^- Clearly, the element 

[/i ® (1 + xi), /i' ® (1 + Xi)P-^] G [^,,„ S_ 



^r/.tj ^—r^i 



acts nonnilpotently on 5*. 

Suppose to G Vr(m; l)(o). Since 5" is (ids ® (-^to + c)))-simple, there is r G Fp 
such that dru (f. W^(?^;l)(o) (here Dq = '/r(if) is the centraliser of to in c)). On the 
other hand, looking at the 1-section L[a, /?, /u](a) = if + S'(q;) ® 0(m; 1) and applying 
Theorem 13.31 to L[a;] 7^ (0) one observes that vr(if) C M^(?7i; l)(o) (see part (a) for a 
similar argument). So it must be that to 7^ and r G F^ . 

Let E G Lr^ be such that 7r(\E'Q,^/j^^(_E)) = SjLi '^j'^i (mod Vr(m;l)(o)), where 
not all Oj are zero. We may assume after renumbering and rescaling that a\ = \. In 
the present situation [P-St 99[ Thm. 3.2] says that ^E'a,/?,^ can be chosen such that 
to = XljLi SiXjdj for some Sj G Fp. As [to, Tr{'^ a, i3,fi{E))] is a nonzero multiple of 
'^{'^a,i3,fi{E)), it must be that si 7^ 0. Therefore, CsiTo) ® Xi C S^r^J., implying that 
[^a,f3,fj.{Lr^), S^rfi] coutaius uonilpoteut elements of S. 

(c) We have thus shown that there is r G F^ such that [L^^, L_r^] contains nonnilpo- 
tent elements of Lp. Therefore, the set 

fii:= {7er(L,T)|7([L,^,L„,^])7^0}. 

is nonempty. By Lemma f5.lt we have the inclusion Qi C Q. Also, fi ^ Qi, because 
fj,{H) = 0. Since /x 7^ 0, there is 7 G T{L,T) such that n{L^) 7^ 0. 

Suppose 7 G fi. Since ^i{L^^) 7^ 0, all elements from /i + Fp7 are in r(L,T). 
Since tJt>{H) = 0, we then have /i + Fp7 C Q. Since all roots in Q are nonsolvable 
by Theorem 14.71 the T-semisimple 2-section L[7,/i] cannot be as in cases 1), 2) or 
3) of Proposition 14. 2[ If L[7,/i] is of type 4), then Proposition 14.51 implies that 
^7,M(i>7) C S. As /i(L!f') 7^ 0, this forces ^^,^(Li^) C S for all i G F^. Since /i 
vanishes on H, it follows from the description of \I'^^(T) given in Proposition 14.51 
that 

Y^ ^lALif^) C Cj:^(2;l)(2)(/i0) ® 0(1; l). 

As the subalgebra on the right is abelian and \E'^^^(Lj^) 7^ (0) for all i G F^, this 
contradicts our choice of /x. So -^[7,/i] is not of that type. If -L[7,/i] is as in cases 5) 
or 6) of Proposition 14. 21 then Corollary 14 . 3 1 shows that no root in r(i^[7, fj], \E''y,^(T)) = 
(Fp7 © Fp/i) \ {0} vanishes on ^^,^(if). As n{H) = 0, this is false. 

Thus, 7 ^ r2. Schue's lemma |St 041 Prop. 1.3.6(1)] yields L^ = J^sen [Ls^L^fs]- 
If Xi . . . ,X(i G L^, then 

(E?=i^.)'''-E-=i4'' (^od/i), 

by Jacobson's formula. Note that the set H U {[J sen k>i [-^5; -^-5]'^^ ) is weakly 
closed. Since fi vanishes on H, the Engel-Jacobson theorem implies that there is 
K E Vli such that /^([Lk, L^_k][p1) 7^ 0. Note that k and j — k are both in il, hence 
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*7,«,/^(-^«) 7^ (0) and ^^,K,^(L^_«) 7^ (0) by Theorem 1131 Let S = S'(7,K,/i) and 
let J be any minimal ideal of L['y, K,fi]. Put Ti := "^^i^^^iT) fl J[p], where J[p] is the 

p-envelope of J in Der S". Since J[p] is centerless, it follows from |St 041 Thm. 1.2.8(a)] 
that Ti is a torus of maximal dimension in J[p]. 

Suppose /^(Ti) = 0. Then either k(Ti) 7^ or (7 — k)(Ti) 7^ 0, for Ti 7^ (0). In 

any event, \E'-y^K,/i([-^K, -^7-k]) C J and therefore /i( J-f ) 7^ 0. But then /u(Ti) 7^ 0, 
a contradiction. Thus, /i(Ti) 7^ 0, forcing X^ieF'' ^7,K,M(-^iM) ^ J. As k G i^i, 
this yields XlieF'' ^7,K,At(-^iK) C J. As a result, the nilpotent subalgebra J{fi) acts 
nontriangulably on J. As ^([Lr^, L.^^]) 7^ and \E'^^K,/i([-^K, -^7-^]'^') C J[p], we have 
that TR{J) = dimTi > 2 (one should keep in mind that /i vanishes on H but not on 

Since k G fi, we can now argue as in part (a) of this proof to deduce that TR{J) < 2. 
As a result, TR{J) = 2 for any minimal ideal J of of L['j, n, fi]. As TR{L['-f, k, /i]) < 
3, this shows that S = S ® 0{m;l) is the unique minimal ideal of L[y,K,jj] and 
TR{S) = TR{S) = 2. According to |P-St 991 Thm. 2.6], we can choose '^■y,n,^i such 
that 

^7,«,/.(T) = (T^ ® 1) + F(d ® 1 + Ids ® to), T^ C 5p, rf G Der S, to G ^^(m; 1). 

Moreover, if d is an inner derivation of 5*, then we can assume further that d = 0. Since 
Ti = Tq (g) 1, we get dimTg = 2. Set t := Tq + Fd, a torus in Der S. The subalgebra 
S"® F of S* is invariant under the action of \E'^^K,/i(7'). Given S G T{{S^F), \Ef^^ ,j^^(T)) 
we denote by 6 the unique t-root in T{S, t) for which Sg ® F = (5* ® F)^. 

(d) Suppose to G W^("^;i)(o)- Because S" and S ® 0(m; l)(i) are both T-invariant, T 
acts on 5 = 5/(5' (8) 0(m;l)(i)) as the torus t C Der S. Since 5"^ 7^ (0) and k G fli, 
we also have that '^^^K,iJ.{L±rn) 7^ (0). We mentioned above that \1'^^k^^(L±,.^) C S*. 
Define to := t fl ker/i. Then dim to < 2 and C5'(to) = S{p,). Because Sp ® C)(w^;i)(i) 
is p-nilpotent and S{fj,) acts nontriangulably on S by our discussion in part (c), 
the subalgebra S{fi) is nilpotent and acts nontriangulably on 5*. Applying |P 94t 
Thm. 2(ii)] now yields S = M(l,l). But then all derivations of S are inner; see 
[St 04t Thm. 7.1.4] for example. Then d = and t is a torus of maximal dimension 
in Sp. It follows that S{fl) = C5'(to) is a Cartan subalgebra of toral rank 1 in S. Since 
such Cartan subalgebras are triangulable by [P 94t Thm. 2], our assumption on to is 
false. 

Thus, to W{'m; l)(o)- Recall that fi and k are both nonzero on Ti = Tq (8> 1. Since 
fl vanishes on H and the nonsolvable root k does not vanish on \I'^ ,j,/i([-^iK5 -^-jk]) C 
^7,K,/i(-f^) n S for some z G F^, the roots /i and k are linearly independent on Ti. 
Hence 

^^,,,^(r) = Ti © (^7,«,^(T) n ker/i n ker /t), 

implying that 7r(^^,«;,^(T) n ker/i n ker/t) ^ W^(m;l)(o). In that case |P-St 991 
Thm. 2.6] says that "^-y^K,^ can be selected such that d = 0, tg = (1 + a;i)c?i, and 
^7,K,/^(^) ^ker /inkers = F{lds'S)to). 

Then S{k, /i) = 5* © T[a;25 • • • ? ^m] and the evaluation map ev : S{k, fi) -^ S, taking 
s (S) / G S <S) F[x2, . . . ,Xm] to /(0)s G 5, is T-equivariant. As before, S{fi) acts 
nontriangulably on S. Since in the present case t is a torus of maximal dimension in 
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Sp, its 1-section S{fl) has toral rank 1 in S. Since such a Cartan subalgebra must act 
triangulably on 5* by |P 941 Thm. 2], we reach a contradiction, thereby proving the 
proposition. D 

Corollary 5.3. The following are true: 
(i) T{L,T)=Q. 
(ii) Ifa,(3& r{L,T), then L[a,f3] is not as in case 4) of Proposition \4^ 

Proof. (1) Suppose r(L, T) ^ Vt and let A G r(L, T) \ Vt. Take any a E Vt and 
consider the T-semisimple 2-section L[q;, A]. By Theorem 14. 7[ L{a) is not solvable, 
hence L[a,A] is not as in case 1) of Proposition 14. 2[ Because of Lemma 15.1 1 we 
have \{H) = 0, hence -^(A) is solvable. If L[q;,A] is as in cases 2), 3), 5) or 6) of 
Proposition 14.21 then Lx C radT-^(a, A) by Corollary 14. 3[ hence 

[L„,La] C {T8idTL{a,X)) nL^+x C [mdr L{a + X)) ^^^ = (0) 

by Theorem 14.71 (because a + X & Q). If L[a, X] is as in case 4) of Proposition 14. 2[ 
then it follows from Proposition 14.51 that Lx contains nonnilpotent elements of Lp. 
Since this contradicts Proposition 15.21 we see that L[a, A] is not of that type. As a 
consequence, [L^, Lx] = for all a E Q. But then (14. ip yields that Lx is contained in 
the center of L. This contradiction proves the first statement. 

(2) If L[a, (3] is as in case 4) of Proposition 14.21 then Proposition 14.51 implies that one 
of the roots in r(L,T) fl (F^a + ¥pj3) is not contained in Q. Since this is impossible 
by part (1), our proof is complete. D 

Corollary 5.4. For every a G r(L, T) the radical of L{a) lies in the center of H. 

Proof. Recall that rad L(a;) C if by Theorem 14.71 and Corollary 15.31 Set 

^2 := {7 e r(L,r) | -f{[H,mdL{a)]) ^ 0}. 

Suppose r22 7^ and let /5 G ^2. Since a,/3 G i7 by Corollary 15. 3i Proposition 14.21 
applies to L[a,/3]. Since a vanishes on [if, radL(a)], the roots a and /3 are Fp- 
independent. As a and /3 are both nonsolvable by Theorem 14. 7[ L[a,/?] cannot be as 
in cases 1) or 2) of Proposition 14.21 It cannot be governed by cases 5) or 6) either, 
because in case 5) the radical of L\a,(5\{Q) is trivial by Proposition 12.5( 2) and in 
case 6) the radical of L[a, /?](«) is contained in \E'q,^^(T); see |P 941 Lemmas 4.1 & 
4.4]. 

Thus, L\a.,f5\ is as in case 3) of Proposition 14. 2[ But then i/[a,/9] = L\a.,f5\{oi) + 
L[a,/3](/3) and \La,L^ C radTi^(a,/?). Since (a+/3)([ii, rad L(a;)]) 7^ 0, and L(a+/5) 
is solvable, it must be that a + /? r(L,T). We now derive that [Lq,,L/3] = (0) for 
all /? G ^2- In view of Schue's lemma [St 04t Prop. 1.3.6(1)], this means that L^ lies 
in the center of L. 

This contradiction shows that ^2 = 0- Hence the ideal Li^i := [ii, rad iy(a)] of 
H consists of p-nilpotent elements of Lp. Now let /3 be any root in r(iy, T). Since 
Ha C H^^^ ., it follows from Theorem 13. 31 and (the proof of) Lemma XS7^ that '^ piHa) = 
(0). Then [Ha,L{p)] C radL(/3), forcing [Ho^Lp] = (0); see Theorem SZl As a 
result, [Ha,L] = (0), and hence Ha = (0) by the simplicity of L. This proves the 
corollary. D 
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We are finally in a position to describe the 2-sections of L with respect to T. Let 
l{H) denote the center of if = Cl(T). 

Theorem 5.5. The following are true: 
(i) H^ = (0) and if ^ C T. 
(ii) dim if 2 = 3 and dim if ^ = 2. 
(iii) if3 c T and dim fr/3 (ff) = 3. 
(iv) ^{H)=HnT. 

Proof, (a) Let a G r(L,T). Then a & Q hj Corollary 15. 3( i). It is immediate from 
Theorem[3J]that H"^ C radL(a). Then [H^,La\ C (radL(a))a = (0) by Theorem US 
Since this holds for every root a and L is simple, we derive H^ = (0). 

Let 3\f(ifp) denote the set of all p-nilpotent elements of Hp. Since dimL^ = 5 
for all 7 e r(f7,T) any p-nilpotent element x G 'NlHp) has the property that 
(ada;)^( ^ gP(^ y-) L^) = 0. Then x'^1 = by the simplicity of L. The Jordan- 
Chevalley decomposition in Hp now yields {Hp)^^^ C T, forcing H^^^ C T. As a result, 
statement (i) follows, and we also deduce that 3\f(ffp) = {x & Hp\ x^^l = 0} and 
HpCH + T. 

Since if^ = (0) and [T, H] = 0, Jacobson's formula implies that (x+yY^^ = x^^^+y'^' 
for all X, y G ffp. Therefore, 'N{Hp) is a subspace of H. By the Jordan-Chevalley 
decomposition in Hp, we also get Hp C y^{Hp) © T. 

(b) Since r(L, T) = Q, it follows from Theorem l3.3l and (the proof of) Lemma [3l4l that 
H^ + radL(a) has codimension 2 in ff for every a G T{L, T). Since radL(a) C ^{H) 
by Corollary 15.41 there exist x,y & H such that H = Fx + Fy + ff ^ + l{H). As a 
consequence, H"^ = F[x, y]+H^ and H^ = F[x, [x, y]] + F[y, [y, x]]+H'^. As if^ = (0), 
this gives dim ff^ < 2 and dim ff^ = 1 + dim ff'^. 

Let a,/9 G T{L,T) be such that L[a,P] = M(l, 1) (such a pair of roots ex- 
ists by [P 94[ Thm l(ii)]). It is immediate from [P 94[ Lemmas 4.1 & 4.4] that 
dim \E'q,^^ (if ^) = 2. Hence dim ff'^ > 2. In conjunction with the above remarks, this 
gives dim ff^ = 2 and dim if ^ = 3. Statement (ii) follows. 

(c) Since H^ = (0), we have that H^ C liH). If the nilpotent Lie algebra H/^{H) has 
codimension < 3 in ff, then it is abelian. In this case H^ C 3(ff), forcing H^ = (0). 
This contradiction shows that ^{H) has codimension > 3 in ff. Since H^ 7^ (0) has 
codimension 1 in H^, the equality H^ fl ^{H) = H^ holds. Therefore, 

3 < dimff/3(ff) = dim ff/(ff 2 + 3(ff)) + dim ffVff^ 
< dim fr/(ff 2 + rad L{a)) + dim H^/H^ = 3. 

This implies that ^{H) has codimension 3 in ff. 

Let h G ^{H) and write h = hg + h^ with hg E T and h^ G 'N{Hp). In view 
of our earlier remarks, /i„ G 3(ff) fl (T + ff). Because T{L,T) = Q, Theorem 13.31 
shows that for every 7 G T{L,T) the element ^^(/in) e ^^(T) + "^jiH) = "^^{H) of 
L[7] = ff(2; 1)(2) © F(l + a;i)''52 is p-nilpotent in L[7] and commutes with "i/aiH). 
Arguing as in the proof of Lemma [33] it is now straightforward to see that \I'^(/i„) = 0. 
Then [/i„, ^(7)] C radi7(7). In view of Theorem 14. 7[ this entails that [hn, L^] = for 
all 7 G r(iy, T). As a consequence, /i„ = 0, forcing i{H) = H (IT. Combined with 
our remarks in part (b) this gives (iii), completing the proof. D 
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Corollary 5.6. Let a,P E T{L,T). Then case 3) of Proposition \4^ does not occur 
for L[a,l3]. 

Proof. Indeed, otherwise the T-socIe of L[a, /?] has the form 5*1 ©5*2 = Si{6i) Q) 32(62) ■ 
Then ^^aAH) n Si{6i) ^ "^sXH) for i = 1,2. As 61,62 G fi by Corollary EJKi), it 
follows from Theorem EJ] that Si{5i) ^ i^(2;l)(2) © F(l + 0:2)^92 and "ifsAH) is a 
nonabelian Cartan subalgebra of Si{6i). Then Lemma [37^ implies that dim\E'5-(if^) = 
2. As a consequence, "^a./siH^) H S'j((5i) is 2-dimensional for i = 1,2. But then 
dim if ^ > 4 contrary to Theorem I5.5( ii). The result follows. D 

Corollary 5.7. The following are true: 

(1) r(L, T) U {0} is an ¥p-subspace ofT*. 

(2) The p-envelope of H^ in Lp coincides with T. 

(3) Hp = H + T. 

Proof. (1) Since every 7 G r(L,T) is Hamiltonian by Theorem 14. 7^ we have Fp7 C 
r(L,T). Let a,/5 G T{L,T) be Fp-independent. Then r(L[a;,/3], ^0,^/3 (T)) contains 
two nonsolvable roots. In view of Corollary l5.6[ this implies that L[a, /3] is determined 
by cases 5) or 6) of Proposition 14. 2[ In both cases, T{L[a, P],'^a,/3(T)) U {0} = 
FpO + ¥pP; see Lemma [231 (4) and |P 941 Lemmas 4.1 & 4.4]. As a consequence, 
a + /5 G r(L, T). Statement (1) follows. 

(2) By Theorem 15.5( 3). H^ C T. Denote by Tq the p-envelope of H^ in T and 
suppose that Tq 7^ T. Then Tq is a proper subtorus of T. By part (1), there exists 
7 G r(L,T) such that 7(To) = 0. Then ■y{H^) = contrary to Corollary I5.3( i). 
Therefore, {H^)p = T. 

(3) It is immediate from Theorem I5.5( i) that Hp d H + T. Since T = {H^)p C Hj 
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by part (2), we now derive that Hp = H + T. D 

We now summarize the results of this section: 

Theorem 5.8. Let L, T and H he as above. Then the following hold: 

1) r(L, T) U {0} is an ¥p-subspace ofT* and no root in r{L,T) vanishes on H^ . 

2) H'^ C T, i{H) = HOT, Hp = H + T, dimH/{Hr]T) = 3, dimH^ = 3, and 
dim if '^ = 2. The p-envelope of H^ in Lp coincides with T. 

3) radL(a) =iinTnkera, dimL„ = 5, and L[a] = ii(2; l)^^) © F(l + x^^^a 
for every a G r(iy, T). 

4) If a,(3 E T{L,T) are ¥p-independent, then either L[a,f3] = M(l, 1) or 

H{2; {2,l)f^ C L[a,P] C H{2; (2,1)). 

Furthermore, L[a, (3] = L{a, (3)/H nT nkei a f] ker /3. 

Proof. Parts 1) and 2) are just reformulations of our earlier results. In order to get 3) 
and 4) it suffices to observe that rad L(q;) C 3(ii) = if fl T; see Corollary 15.41 and 
Theorem 15. 5( iv). D 
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6. Some properties of the restricted Melikian algebra 

In order to proceed further with our investigation, we now need more information 
on central extensions and irreducible representations of the Melikian algebra M(l, 1). 

Proposition 6.1. Every Melikian algebra M(n), where n = {ni,n2), possesses a 
nondegenerate invariant symmetric bilinear form. 

Proof. Adopt the notation of [St 04t Sect. 4.3] and consider the natural grading 

M(n) = M_3 © M_2 © M_i © Mo © Ml © ■ ■ ■ © M„ s = 3(5"^ + 5"^) - 7 

of the Melikian algebra M = M(n). Recall that Mq = 0j,=i x^dj = qI{2), M 
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Fdi © Fd2 and M, = Fx^^^^'^'^di © Fa;(^(^»(92, where T{n) = (5"i - 1, 5"^ - 1). Both 
M_3 and Ms are 2-dimensional irreducible Mo-modules. Using the multiplication 
table [St 04[ (4.3.1)], it is easy to observe that 

[a;i9i,x("(^»ai] = (-2 + 2)a;("(^))9i = 0, [x2di,x^^^^^^di\ = 0, 

[x292,xW^»ai] = (-l + 2)x("(^))ai. 

This shows that x^^^-^Wi is a primitive vector of weight (0, 1) for the Borel subalgebra 
b := Fxidi © Fx2d2 © Fx2di of Mo. Now let / be the linear function on M_3 such 
that /(9i) = and f{d2) = 1. Then (xi9i)(/) = -/ o {x.d^) = 0, {x2d2){f) = 
—f o (2^2t?2) = / and {x2di){f) = — / o (x29i) = 0, showing that / G (M-s)* is a 
primitive vector of weight (0, 1) for the Borel subalgebra b. From this it is immediate 
that (M-a)* = M^ as Mo-modules. As M is an irreducible graded Mp- module, |P 85t 
Lemma 4] shows that there exists a module isomorphism 6 : M ^^ M* sending Mj 
onto (Ms_3_j)* for all i G {—3, . . . , s} (as usual, we identify (Mj)* with the subspace 
of M* consisting of all linear functions vanishing on all M^ with k ^ i). 

Define a bilinear form 6: M x M — >■ F by setting b{x,y) := {6{x)){y) for all 
X, y G M. Since 6 is an isomorphism of M-modules, the form b is nondegenerate 
and M-invariant. Next we define a bilinear skew-symmetric form b' on M by setting 
b'{x, y) := b{x, y) —b{y, x) for all x, y G M. As M is a simple Lie algebra, the invariant 
form b' is either nondegenerate or zero. As diniM = 5"-i+"2+i jg odd, it must be that 
b' = 0. Therefore, the form b is symmetric. D 

From now on we denote by M the restricted Melikian algebra M(l, 1). 

Proposition 6.2. If M, is a Lie algebra with center 3 = 3(M) such that M/3 = M, 
then M(i) = M and M = M^^) © 3. 

Proof. We need to show that the second cohomology group H^(M, F) vanishes. Let b 
be the nondegenerate bilinear form from the proof of Proposition 16.11 By a standard 
argument explained in detail in |P 94t p. 681], for every 2-cocycle ip: M x M ^ F 
there exists a derivation d G Der M such that b{d{x), y) = —b{x, d{y)) and ip{x, y) = 
b{d{x), y) for all x,y E M. Moreover, 99 is a 2-coboundary if and only if the derivation 
d is inner. Since Der M = ad M by [St 041 Thm. 7.1.4], for instance, we now obtain 
H2(M, F) = 0, as desired. D 

If V is an irreducible module over a finite dimensional restricted Lie algebra £ over 
F, then there exists a linear function x = Xv ^ ^* such that for every x G £j the 
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central element x^ — x^^' of U{L) acts on V as the scalar operator x(a;)^Idy. The 
linear function x is called the p- character of V. Given / G £j* we denote by }jc{f) 
the stabilizer of / in £.. Recall that 3£,(/) = {x G £ | /([a;, £]) = 0} is a restricted 
subalgebra of even codimension in L. 

For our constructions in the final sections of this work we need some information 
on the p-characters of irreducible representations of dimension < 125 of the restricted 
Melikian algebra M = 0-=_3 Mj. 

Proposition 6.3. IfV is an irreducible 'M.-module of dimension < 125, then the p- 
character ofV vanishes on the suhspace ©j>_2 -^i- //^ ^^^ ^ nonzero p-character, 
then dim\^ = 125. 

Proof. Write M* = 0-=_3 (M^)*, where (M^)* = {/ g M* | ^^^^Mj C ker/} and 
s = 3(5 + 5) — 7 = 23. Let x be the p-character of the M-module V. If x = 0, then 
there is nothing to prove; so suppose X 7^ 0. Then x = Sj=-3 Xi: where Xi ^ (^i)* 
and Xd ¥" 0. 

(a) We first suppose that d > and let 2g = codim^vt^xlXd)- Then |P-Sk 99t 
Prop. 5.5] yields that 5'' | dimV. Since dimy < 5^, it follows that ^M{Xd) has codi- 
mension < 6 in M. Let b be the M-invariant nondegenerate bilinear form from the 
proof of Proposition 16.11 Then Xd = b{z, ■ ) = 9{z) for some nonzero z G M,s-3-d and 
dM^Xd) = C]vc(-2)- It follows that the set 

X := {x e Ms_3-d I codimjvt C]vt(x) < 6} 

is nonzero. It is straightforward to see that X is a Zariski closed, conical subset of 
'Ms-3-d invariant under the subgroup Auto ^ of all automorphisms of M preserving 
the natural grading of M. Let P(X) be the closed subset of the projective space 
P(M5_3_d) corresponding to X and let T denote the 2-dimensional torus of the alge- 
braic group AutoM whose group of rational characters is described in |Sk Oil p. 72]. 
Note that the Lie algebra of T equals F{adxidi) © F{a.dx2d2)- 

The connected abelian group T acts regularly on X, hence fixes a point in P(X) 
by Borel's theorem. This means that there exists a nonzero xq G M,s~3-d such that 
C]v[(3^o) has codimension < 6 in M and T ■ xq C Fxq. Let no denote the normalizer of 
Fxq in M and set t := F{xidi) ®F{x2d2), a 2-dimensional torus in M. By our choice 
of Xq (and T) we have that [t, Xq] C Fxq. 

Suppose [t, Xq] 7^ 0. Then Uq 2 Cjvc(2;o)- As a consequence, xxq is a proper subalgebra 
of codimension < 5 in M. By a result of Kuznetsov [Kuz 9H Thm. 4.7], every proper 
subalgebra of M has codimension > 5 and every subalgebra of codimension 5 contains 
0^>]^ Mj (see also |St 041 Thm. 4.3.3] and |Sk Olt Sect. 1]). Since the subalgebra 
0j>i 3Vtj of Uo acts nilpotently on M, it must annihilate Fxq. On the other hand, it 
is immediate from the simplicity of the graded Lie algebra M that the graded subspace 
Ann]vi;(0j^Q Mj) coincides with M^. So xq G Ms forcing d = —3, a contradiction. 

Now suppose [t, xo] = 0. Using [St 041 (4.3.1)] one checks immediately that C]vc(t) = 
t © Fxlxl © Fx\xldi © Fxlxjd2. In view of |St 041 p. 200], we have that t C Mq, 
x1x2 G Mio and Fx^x^di © Fxlx2d2 C M2o- As (i > by our present assumption, we 
have s — 3 — (i=23 — 3 — (i<20. Rescaling xq if need be we thus may assume that 
either xq = x\x2 or xq = xi^i + ax2d2 for some a G F (by symmetry). Applying 
[St 04t (4.3.1)] it is easy to observe that C3yi^{x1x2) = (0) for i < and Cjv^X^i^l) = ^■ 
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This shows that the case Xq = xfx^ is impossible (as C3vt(xo) has codimension < 6 in 
M). If Xq = xi(9i + a a;2<92, then [xq, M] contains all x{di with i E {0, 2, 3, 4} and all 

2:i2^2t^2 with j G {1,2,3,4}. It follows that codim^yt C]vi:(a^o) > 8 in this case, showing 
that the case where d > cannot occur. 

(b) Thus d < 0. Recall from jSk Pit p. 72] that the group of rational characters of 
T has Z-basis {ei, 62} and the T-weight vectors 9i,92 G M_3, 1 G M_2, 9i,92 G 
M_i and Xi92, X2i9i G Mq have weights — 2£:i — 62, —£1 — 2£:2, —£i — £2, —£i, —£2 and 
£1 — £2, —£i + £2, respectively. 

Assume that Xo(3;iC?2) 7^ and consider the cocharacter el: F^ -^ AutM such 
that (e^(t))(x) = t"x for all t G F^ and all weight vectors x G 'Mn£i+m£2^ where 
m,n E Z. Let M = 0j£2 M(i) be the Z-grading of M induced by el- Since d < 
and Xo(a^iC^2) 7^ by our assumption, we have that x = x(~2) +x(— 1) + x(0) + x(l)) 
where x(^) ^ M(i)* and x(l) 7^ 0. Applying [P-Sk 99i Prop. 5.5] to the graded Lie 
algebra 0jg2 ^(0 'we deduce that 33vt(x(l)) has codimension < 6 in M. Since in the 
present case Xi^i G n]vt(Fx(l))\3]vt(x(l)), the normalizer nj^{Fx{i)) has codimension 
< 5 in M. Using Kuznetsov's description of subalgebras of codimension 5 in M and 
arguing as in part (a) we now obtain that x(l) = b{y, ■ ) for some y G M^. Since 
in the present case s — 3 — 0? 7^ s, we reach a contradiction, thereby showing that 
Xo(3;i92) = 0. Arguing in a similar fashion one obtains that Xo vanishes on a;29i. 

(c) Thus we may assume from now that d <0 and Xo vanishes on F{xid2) (BF{x2di). 
In this situation |P-Sk 99t Prop. 5.5] is no longer useful, so we have to argue differently. 
Denote by g the Lie subalgebra of M generated by the graded components M±i. Using 
|St 041 (4.3.1)] it is easy to check that Mi = Fxi © Fx2, Mj = F{xidi + 0:2^2), 
Mf = F{xldi + X1X252) © F{xiX2di + xld2) and Mf = (0). Then it is immediate 
from [St 04t Thm. 5.4.1] that g is a 14- dimensional simple Lie algebra of type G2. 
We identify x with its restriction to g, denote by G the simple algebraic group Aut g, 
and regard L := AutoM as a Levi subgroup of G. Clearly, T is a maximal torus of 
G contained in L. Also, Lie(G) = adg and 5 is a good prime for the root system 
$ = $(G, T). Since the Killing form k, of the Lie algebra g is nondegenerate, we may 
identify g with g* via the G-equivariant map sending x G g to the linear function 
k{x,-) eg*. 

Let P be the parabohc subgroup of G with Lie(P) = ad(0^>Q Qi), where g^ = 
g n Mj, and let $"*" be a positive system in $ containing the T- weights of 0j>o 0*- 
Let {ai, 02} be the basis of simple roots of $ contained in $+. Adopting Bourbaki's 
numbering we will assume that go is spanned by t and root vectors e±a2 and gi is 
spanned by root vectors e^^ and e^^+Qj- We stress that ai is a short root of $. 

Since g{xo) = Xo for all (7 G T and X-i + X-2 + X-3 is a linear combination of T- 
weight vectors corresponding to positive roots, the Zariski closure of T-x contains Xo- 
It follows that dim G-x > dim G-xo- Since xo vanishes on all root vectors Cq, G g with 
a G $ and 5 is a good prime for $, the stabihzer Zg(xo) of Xo in G is a Levi subgroup 
of G; see |P 951 (3.1)] and references therein. Since the g-module V has p-character 
X, the Kac-Weisfeiler conjecture proved in |P 95] shows that 5('i'™*^x)/2 | (iim^. 

Suppose Xo 7^ 0. Then Zq,{xo) is a proper Levi subgroup of G. Since any 
Levi subgroup of G is conjugate to a standard Levi subgroup, this implies that 
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dim Zg{Xo) ^4. As a consequence, 

dim G ■ X > dim G ■ Xo = dim G — dim Zg{xo) ^ 10. 

But then 5^ | diml^, a contradiction. Thus, x = i^hji + 2/2 + 2/3, ■ ) for some yi G gj. 

Suppose Hi 7^ 0. Since y is a nilpotent element of g, all nonzero scalar multiples of 
y are G-conjugate. From this it is immediate that the Zariski closure oiG-y contains 
2/1, implying dim G-y > dim G-yi. As all nonzero elements of gi are conjugate under 
the action of L, we may assume that yi = Cai- As dimCg(eaJ = 6, it follows that 

dim G ■ x = dim G ■ y > dim G ■ yi = dim G — dim ZG,{yi) > dim G — dim Cg{yi) = 8. 

Applying |P 95t Thm. I] now gives 5^ | dim V. Since this is false, it must be that yi = 
0. If 1/2 7^ 0, then ?/2 is a nonzero multiple of 6201+02 (for 02 = [^Vti, Mi] = Fe2ai+a2)- 
As y = y2 + 2/3, it is easy to see that the orbit P • y contains 6201+02- As 2ai + 02 is 
a short root of $, we can argue as before to obtain 5^ | diml^, a contradiction. 

As a result, y = y^. Then x = X-3 vanishes on 0j>_2 ^i ^^ stated. If x 7^ 0, then 
we can assume that y = 6301+202 (fo^ ^^^ nonzero elements in 03 = [6201+025^1] ^^^ 
conjugate under the action of L). Since dimCg(63oi+2o2) = 8; it follows from |P 95t 
Thm. I] that 5^ | dimV^. Then dimV^ = 125, completing the proof. D 

7. Melikian pairs 

Set r := r(L,T). According to Theorem 15.8( 4). if a,/5 G F are Fp- independent, 
then either L[a,i3] = M or H{2; (2, 1))(2) c L[a,P] C H{2; (2,1)). If L[a,p] = M 
we say that {a,f3) G F^ is a Melikian pair. Recall from Theorem 15.8( 2) that if^ is a 
2-dimensional subspace of T. 

Lemma 7.1. A pair {a,j3) G F^ is Melikian if and only if H^ fl ker a 7^ H^ fl ker/5, 
i.e. if and only if a\H^^ and (3\h^ (ii"^ linearly independent over F . 

Proof. Suppose i7(2; (2, l))^^) c L[a,(3] C i/(2; (2, 1)). Recall from Sect. 2 that 
H{2-{2,1)) = i7(2;(2,l))(2) © V and V^ = (0). Then L[a,Pf C H{2;{2,l)Y^\ 
forcing "i/aAHf C H{2; (2, 1)Y^\ But then "^aA^^) ^ ^a,/3(^) n H{2; (2, l))^^) has 
dimension < 1 by Lemma 12. 4[ In view of Theorem 15.8( 4) and the inclusion H^ C T, 
this means that H^ fl ker a fl ker /3 has codimension > 1 in H^. It follows that a and 
/3 are linearly dependent as linear functions on H^. 

Now suppose that L[a,P] = M. In view of Theorem 15.8( 1). both a and P are in 
Q. Therefore, \I'o,/3(T) is a nonstandard 2-dimensional torus in L[a,f]] = Der L[a,/3]. 
Applying |P 941 Lemmas 4.1 & 4.4] now gives dim\E'o,/3(-f^)^ = 2, which in conjunction 
with Theorem 15.8( 5) yields that H^ fl ker a fl ker /3 has codimension < 2 in H^. So a 
and (3 must be linearly independent on H^. D 

Corollary 7.2. For any a G F there exists /5 G F such that {a, (3) is a Melikian pair. 

Proof. It follows from Theorem 15.81 that H^ fl kera = Ft for some nonzero t G H^. 
Since H^ C T and L is centerless, there is a /3 G F with /9(t) 7^ 0. Then (a,/9) is a 
Melikian pair by Lemma [7.11 D 

Lemma 7.3. If {a, (3) is a Melikian pair, then 

Lp(a,/3) =L(a,/?)(i) ©Tnker anker /3, Lp(a,/?)W = L(a,/3)(^)^ M. 
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Proof, (a) Since radT-^(a,/5) = H HT n kei a fl ker/3 by Theorem 15.8( 5). we have 
that lad-T L{a, P) = 3(L(a,/9)). Hence 

(0) — > Hnrnkeiankeif] — > L{a,f3) — >M — ^ (0) 



is a central extension M. By Proposition 16. 2[ this extension sphts; that is, L(a,(3) = 
L{a, /5)(i) © // n T n ker a n ker /5 and L(a, PY^^ ^ M. 

(b) Note that Lp{a,f3) = H + L{a,/3), where H = Cl^{T), and [H", L(a,/3)W] C 
L(a, P)^^'. Hence H acts on L(q;, Z?)^^-* as derivations. As all derivations of L(a, P)^^' = 
M are inner by |St 041 Thm. 7.1.4], it must be that H = H' ® Hq, where ^o = 
Cg[L{a, PY^^) and H' = L{a, P^^'^ fl H. From part (a) of this proof it follows that 

H CT + H'. Consequently, [H, Hq] = 0. 

Put F' := {7 I '~i{H') 7^ 0} and let /i be any root in F'. Recall that dimL^ = 5; 
see Theorem 15.8( 3). As H' is a nontriangulable Cartan subalgebra of L(a,/5)^^-' = M 
by |P 94t Lemmas 4.1 & 4.4], the iiT'-module L^ is irreducible. But then Hq acts 
on L^ as scalar operators. On the other hand, it follows from Schue's lemma [St 04t 
Prop. 1.3.6(1)] that L is generated by the root spaces L^ with 7 G F'. It follows 
that Hq acts semisimply on L, implying Hq C T. From this it is immediate that 
Hq = T n ker a fl ker p. As a result, 

Lp{a,p) = L(a,/3)W+#o = Iv(a,/3)W © T n ker a n ker/3, 
finishing the proof. D 

Let (a, P) be a Melikian pair. Note that Tq := T fl ker a fl ker /? is a restricted ideal 
of Lp{a,P) and T = H^ © Tq. So the Lie algebra Lp{a, P)/Tq inherits a pth power 
map from Lp{a,P). Since Lp{a, P)/Tq = M by Lemma ESI and both Lie algebras 
are centerless and restricted, every isomorphism between Lp{a, P)/Tq and M is an 
isomorphism of restricted Lie algebras. Any such isomorphism maps the torus T/Tq 
of the restricted Lie algebra Lp{a, P)/Tq onto a 2-dimensional nonstandard torus of 
M. According to |P 941 Lemmas 4.1 & 4.4], any such torus is conjugate under Aut M 
to the torus t := F(l + a;i)9i © F(l + X2)52. 

Recall from Sect. 6 the natural grading of the Lie algebra M. For i > —3, we 
set M(i) := •>j Mj. The decreasing filtration (M(i))^^ of the Lie algebra M can 
be regarded as a standard (Weisfeiler) filtration of M associated with its maximal 
subalgebra M(o). It is referred to as the natural filtration of M, because M(o) is 
the only subalgebra of codimension 5 and depth 3 in M. All components M(j) of this 
filtration are invariant under the automorphism group of M; see |St 04t Thm. 4.3.3(2) 
and Rem. 4.3.4] for more detail. Note that M = t©M(_2)- 

Regard M := M © Tq as a direct sum of Lie algebras and define a pth power map 
u i-^- M*^ on M by setting u^ = u'^'^ for all u G M and u^ = for all u E Tq (here 
u i-^ u'^1 is the pth power map on M). The above discussion in conjunction with 
Lemma 17.31 shows that there exists a Lie algebra isomorphism 

(7.1) $: Lp{a,P) ^^ M = M(_2) © $(T) 
such that 

(7.2) <l>(L(a,/5)«) = M, $(/73) = t, <I>|to = Wto- 
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Note that $ maps Lp(a,PY^^ onto M*^"*^^ = M. We stress that H^ is not a restricted 
subalgebra of Lp{a, (3), whilst $(if^) is a maximal torus of M. There exists a p-linear 
mapping A: M — > 3(M) = Tq such that 

A(u) = $-i(n)W - <^-\uP) (Vm G M), 

where $^^(n) i — > $^^(u)f^l is the pth power map in Lp. 

Lemma 7.4. The p-linear mapping A vanishes on the subspace M(_2) o/M. 

Proof. Suppose A(-u) 7^ for some u G M(_2). Then there is 7 G F which does 
not vanish on A(m) G Tq \ {0}. Since A(m) C T fl kera fl ker/?, the root 7 is Fp- 
independent of a and p. Let M(7;q;,/?) := 0j,gF L^+ia+jp- By Theorem I5.8[ 

M(7; a, (3) is 125-dimensional submodule of the (T + L(a,/3)p)-module L. The map 
ad o <|)~^ gives M(7; a,/3) an M-module structure. Note that Tq acts on M(7; a,/3) 
as scalar operators. This means that the M-module M(7; a, (3) has a p-character; we 
call it X- It is straightforward to see that A(x) = x(3^)^ for all x G M. But then x does 
not vanish on M(_2). Since dimM(7;a,/5) = 125, this contradicts Proposition 16.31 
The result follows. D 

We now set (Lp(a,/?)(^)) := $"^(M(i)) for all i > -3. Then the following hold: 

• (Lp(a,/5)*^^^) ,g, is a subalgebra of codimension 5 in Lp{a,PY^^; 

• mW G Lp(a,/5)« for all u G (Lp(a,/?)«)(_2); 

• [Lp{a, P)^^^) ,^, is a restricted subalgebra of Lp{a,P). 

Since the natural filtration of M is invariant under all automorphisms of M (see |St 04[ 
Rem. 4.3.4(3)]), the above definition of the subspaces [Lp{a, PY^^Y^. is independent 
of the choice of $ satisfying (17.11) and (17. 2p . 

8. Describing Lp(a) 

Fix a G F and pick /5 G F be such that (a,/5) is a Melikian pair; see Corollary 17.21 
As before, we put Tq := T fl kera fl ker/5 and let $ be a map satisfying (17.11) and 
(17. 2p . It gives rise to the restricted Lie algebra isomorphism 

$: Lp{a,p)/To ^^ M = M(_2) © $(i^'), HH^) = t. 

By Theorem 15.8( 1). no root in F vanishes on H^. As dim if ^ = 2, there exists 
a nonzero ha G H^ such that Fha = H^ fl kera. As ^{Fha) is a 1-dimensional 
subtorus of the nonstandard torus t, it follows from [Sk 01| Thm. 2.1] that there is an 
automorphism of M which maps t onto itself and F^(ha) onto F{1 + Xi)9i. Hence 
we may assume without loss of generality that 

(8.1) $(Lp(«)) = cm((1 + xi)9i)©To, <l>(r) = t©ro, l>(/i,) = (l + xi)9i. 

For / G 0(2; (1, l))(o) set /^ := f/k\ for < A; < 4 and /('^^ := for A; < and 
A; > 5. Direct computations show that C3vi;((l + a;i)9i) has basis 

{x''2^d2,x^^\l + xi)du a;f^(l + Xl)^ x^''^(l + xi)^(92, x^^\l + xi)%\ < r < 4}. 
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Using the multiplication table in [St 0A\ (4.3.1)] it is easy to observe that 



[xP{l + Xi)di,x'i\l+Xi)di 

[xt\l + X,)',X^^^d2 

[x^;\l + xiY,xi'\l + xi)di 

[xi\i+x,r,x^^\i+x,r 

[xP{l+X,)%,x'i'^d2 
[xP{l+X^fd2,xi'\l+X,)d, 

[xPil+x^)%,xi'\l + x,Y 
[x^^\l + xi)%,x^^\l+x^)% 



[x^P{l+X,)%,X^,'^d2 

[x^;\i + x^)%, xi'\i + x^)d, 

[xP{l+x^)%,xi'\l + x,Y 
[x^^'\l + x,)%, xi'\l + x^)% 
[x^^\l + x,)%, xi'\l + x^)% 



[m - m]4^'~''>d2 



_/r+s-l\ (r+s-1), 



Xn 



1 +xi)9i; 



-[rn-2r:!7^)] 



+s-ni (r+s-l). 



Xn 



l+xi] 



2[-rn + r:-')]xt'-'\i+x,rd,; 



-(T) 



+s\Ar+s-l), 



X: 



+s-l\ ir+s-l) , 



m 



X 



1 + 0:1)392 

[l+X^fdi 



-r:>2 ^^2; 



-r:>r^^)(i+x05i; 

{r)xt'\i + ^2Y; 

0. 



In order to obtain a more invariant description of Lp{a) we now consider a vector 



space R = R' ®C over F with dimC = dimT — 2 such that R! has basis jxi Xg I < 



j < 4, 1 < i + j < 7} U {x2 } U {z}. We give R a Lie algebra structure by setting 



1^X1 X2 , X^ X2 J •- 



ct7^)er)-m(^]^^) 



H+k-l) U+l-l) 

Xl X2 



for all z, J, fc, / with 3<i+j + fc + /<7 such that (j, /) 7^ (0, 0) whenever z + fc = 5, 
and by requiring that [Fz + C, i?] = and 



[Xl X2 , Xl X2 J .- 



i{i+j + k + l<2, 

(— l)*z if j = / = and i + k = h. 
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The Lie algebra i? is a (nonsplit) central extension of if (2;!)*^^^ © FDh{x2 )• Com- 
putations show that 

f+r')(-4'^4''^'"'^) if r + s>2, 



1 "'-^o ;'-^l'-^2 



^(4) (r-l) _^{4) {s-l)l _ f.. 



-z if r = 1, s = 0; 






('•+1) ^ ^(«)l _ (r+s\Ar+s)_ 



[x^'Kx.xf] = -cr) 



X 



2 



r^{^+l) _^{4)^{«-l)l _ (r+s-l\ (3) ir+s-l)_ 

r^(''+l) ^(2)„{«)l _ _(r+s\ Jr+s)_ 
[^2 ) X]^ ^2 J — \^ ^, JX1X2 , 

[xfxi\x,xi'^] = -[r:-')+2{rs,')]x?xt'-''; 

\j3)Jr) _ (4) (s-l)l _ ^_ 

[.f'4',.f'4"] = (-rr)(--r-r-") ifr+.>i. 

'- -' I ~^ it r = s = 0; 

\J3) (r) (s+l)l _ fr+s\ (2) (r+s) 

\J3)Jr) (3) (s)i _ ^ 
1 2 ; 1 2 — 

By comparing the displayed multiplications tables it is straightforward to see that 
the following statement holds: 

Proposition 8.1. Any linear map O': c^((l + xi)(9i) — > R which takes Tq isomor- 
phically onto C and satisfies the conditions 

^^V^M.Arl^ - / -xt^4''^ if l<r<4, 



e'{x)2\i + xi)d,) 



if r = 



e'{x^2^d2) = xix^2\ 0<r<4, 

e'(x^"^(l + xi)2) = xf^xf\ 0<r<4 

Q'{x^;\l + xifd2)) = x^2^'\ 0<r<4, 



Q'{xril + xi)%) = x^xr, 0<r<4, 



is an isomorphism of Lie algebras. 

We now fix O' described in Proposition 18.11 and set 6 := 6' o $12,^(0,), where 
$: Lp{a,P) — ^ M is a Lie algebra isomorphism satisfying (17. II) . (17. 2p and (18. ip . 
Clearly, O: Lp{a) — > i? is a Lie algebra isomorphism. We give R a pth power map 
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by setting 

(8.2) rP:= 0(0-i(r)W) {^reR). 

This turns O into an isomorphism of restricted Lie algebras. Because the p-hnear 
map A : M — > Tq vanishes on the subspace M(_2) of M by Lemma 17.41 and 9 is 
defined via $, the exphcit description of G' in Proposition 18.11 shows that the map 
( 18. 2p has the following properties: 



(8.3) 



[x 



{xty 


= 


if 


< r < 4; 


(xi^rv 


= 


if 


r^O,l; 


{.?4r 


= 


if 


< r < 4; 


(xf)xry 


= 


if 


< r < 4; 


(4)^(r-l)\P 
1 -^2 ) 


= 


if 


1 < r < 4; 


[X1X2Y = 


= XiX2 


i.e. 


X1X2 is toral 



(we refer to [Sk 01] for more detail on the p-structure in the restricted Melikian 
algebra). Note that {xiY and z^ lie in Q{T) = Fz®C. Moreover, Fz = e(i/^nker a) 
coincides the image of F(l + xi)9i under $~^ and 0'((1 + 0:2)52)) = xi + X1X2. 

We stress that all constructions of Sections 7 and 8 depend on the choice of a 
Melikian pair. 

9. The subalgebra Q{a) 

The results obtained so far apply to all nonstandard tori of maximal dimension in 
Lp. However, such tori need not be conjugate under the automorphism group of L. 
In order to identify L with one of the Melikian algebras, we will require a sufficiently 
generic nonstandard torus of maximal dimension in Lp. 

Proposition 9.1. There exists a nonstandard torus T' of maximal dimension in Lp 
for which {cl{T'))^ contains no nonzero toral elements of Lp. 

Proof. Let T and F be as Sect. 8 and let (a,/?) G F^ be a Melikian pair. Choose an 
isomorphism $: Lp{a,(3) ^^ M satisfying (1711) and (Q- Then H^ = $-^(t). Set 
Qi := $~^(xj(9j), Ui = ^^^(di) and hi := nf , where z = 1,2. As the elements Xidi are 
toral in M, Lemma [7.41 says that both qi and g2 are toral elements of Lp. Note that 
T = F{qi + ni) © F{q2 + n2) © Tq, where Tq = T n ker a H ker (3. 

As $ is a Lie algebra isomorphism, it is straightforward to see that [q^, Ui] = —Ui 
and hi G Tq for z = 1,2. So it follows from Jacobson's formula that (g^ + UiY^^ = 
qi + ni + ^^^Zg /if' for all k > 1. Since {H^)p = T by Theorem EM^) and H^ = 
F{qi + ni) © F{q2 + ^2), it follows that the p-closure of Fhi + Fh2 coincides with Tq. 

Recall that dim To > 1. Let {ti, . . . , t^} be a basis of Tq consisting of toral elements 
of Lp. For X = J2'j=i '^j'^j ^ ^0 define Supp(a;) := {j \ aj 7^ 0}. Write hi = X]j=i -^i^j 
and /i2 = X]^=i /^i^i with Xj,fij G F. Since the [p]-th powers of hi and /i2 span Tq, it 
must be that 

Supp(/ii) U Supp(/i2) = {1, . . . , s}. 
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In particular, hi ^ or h2 ^ 0. Recall from Sect. 6 the maximal torus T of the 
group Auto ^ of all automorphisms of M preserving the natural grading of M. For 
every a G AutoM the subalgebra <l>~^(cr(t) + Tq) is a nonstandard torus of maximal 
dimension in Lp and the elements ($~^ o a){xidi) and ($~^ o a){x2d2) are toral in Lp 
by Lemma [731 Since the group AutoM acts transitively on the set of bases of M_3, 

there is r G AutoM such that the elements ((^"^ o r)(9i))'^' and ($-^ o r)(92))'^' 
are both nonzero. Replacing t by r(t) and renumbering the tj's if necessary, we thus 
may assume that Ai and /ii are both nonzero. 

Since F is infinite, there exist a,b & F^ such that the elements a^Ai and Iffii 
of F are linearly independent over ¥p. Applying a suitable automorphism from the 
subgroup T of AutoM one observes that t' := F{a + xi)9i © F{b + X2)<92, is a 2- 
dimensional nonstandard torus in M and t' = {cm{^')Y (alternatively, one can apply 
[P"94l Lemmas 4.1 & 4.4]). This entails that 

r := <^-\i' © To) = F{qi + aui) © F{q2 + 6^2) © Tq 

is a nonstandard torus of maximal dimension in Lp with F{qi + arii) © F{q2 + bn2) = 
{cL{r)Y. Suppose 

(9.1) {x{qi + aril) + y{q2 + ^^2)) ^ = x{qi + arii) + y{q2 + hn2) 

for some x,y & F. Applying $ to both sides of fl9.1|) gives 

(x(a + xi)9i + y{b + X292)) ^ = x{a + xi)9i + y{b + X2)92. 
As both (a + xi)(9i and (6 + X2)92 are toral elements of M, we get x,y E ¥p. Hence 

x{qi + aril) + y{q2 + bn2) = {x{qi + arii) + y{q2 + bn2))^ 

= x{qi + ani + aPhi) +y{q2 + bn2 + Vh2)-, 

implying xa^hi + y6^/i2 = 0. As a consequence, xa^Xj + ylffj,j = for all j < s. But 
then a^Xi and 6^/ii are linearly dependent over ¥p, a contradiction. We conclude that 
(cl(T'))^ contains no nonzero toral elements of Lp. D 

Retain the notation introduced in Sections 7 and 8. In view of Proposition l9.lt we 
may assume that for every a G F no nonzero element of H^ fl ker a is toral in Lp. 

The map O: Lp{a) — ^ R defined in Sect. 8 induces a natural Lie algebra isomor- 
phism 

6: Lp{a)/i{Lp{a)) ^ R/i{R) ^ H{2-lf''^®FDH{xf). 

Let (i?/3(i?)) ,.. denote the ith component of the standard filtration of the Cartan 
type Lie algebra R/^{R), where i > —1, and denote by Lp(a)(j) the inverse image 
of (i?/3(i?)) ,^, under 9. We thus obtain a filtration {Lp{a)(^i) \ i > —1} of the Lie 

algebra Lp{a) with f]^>_-^ Lp(a)(j) = Tflkera and dim (Lp(a)/Lp(Q;)(o)) = 2. This 
filtration is, in fact, independent of the choice of 9, because (^R/}{R)) .^. is the unique 

subalgebra of codimension 2 in the Cartan type Lie algebra R/i{R). Since 9 is a 
restricted Lie algebra isomorphism, all Lp{a)(^i) are restricted subalgebras of Lp{a). 
We denote by nil[p](Lp(a)(j)) the maximal ideal of Lp(a)(i) consisting of p-nilpotent 
elements of Lp. 
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Definition 9.1. Define 



P 



{ueW\ [u,W] C W]- 
P + nil[p](Lp(a)(3)). 



Because of tlie uniqueness of tlie filtration {Lp(a)(j) | i > —1} tliis definition is in- 
dependent of tlie choices made earlier. The main result of this section is the following: 

Proposition 9.2. // {a, (3) is a Melikian pair in T"^, then 

Proof, (a) Choose any Lie algebra isomorphism $: Lp(a,/3) — > M = M © Tq 
satisfying ([71]), (D and dUI]). Then ^{Lp{a) f] (Lp(a,/3)(i))^g^) is spanned by 

{x^2^d2, x^'^(l + xi)(9i, x^'^(l + xi)^ x^^H^ + xifd2, x^^\l + xi)^9i I 1 < r < 4}. 

Let = $ o ©': Lp(a) -^ R be the isomorphism associated with $. The explicit 
formulae for 6' yield that Q{^Lp{a.) fl (Lp(a,/3)(^)) , ,) is spanned by the set 

{xix^^\ xf^xf\ a;f^4''^ | 1 < r < 4} U [x^^'^x^^^ \ < r < 3} U {xf^ | 2 < r < 5}; 

see Proposition 18.11 

(b) Next we are going to determine Q{W), O(-P) and Q{Q{q)) by using Definition 19. II 
First we observe that 

see Proposition 18.11 It is immediate from equations (18.31) that 

{xfx^i^y E e(Lp(a)(^) n Lp(a)(o)) whenever i + j > 2. 

Recall that G is an isomorphism of restricted Lie algebras. In conjunction with 
Jacobson's formula, this shows that Q(W) is a subspace of R. As a consequence, we 
have the inclusion 

On the other hand, if ^ G Q{W), then the definition of 0' and our assumption on 
$ yield H^ n kera C W. Then /i„ G W. As Fha = H^ Dkeia = FQ~^{z), our 
assumption on ha in (18.11) yields ha = $^"'^((1 + Xi)(9i). It follows that ha ~ ha E 
Lp(a)(i) n To. As /iL^' 7^ ha by our choice of T, this entails Lp{a,0^'^ n Tq ^ (0) 
contradicting Lemma I7.3[ We conclude that 

Let u = ^ijSijx^^^xi^^ G e(P). Since xS^\ xf^ G e{W) and [xf\xf^] = 2, it 
follows readily from the definition of P that S2,o = -33,0 = 0. The multiplication table 
for R given Sect. 8 now shows that 9(P) is spanned by 

{xS'\ x?\ xf } U {x?X2, x^xf , x^xf I 1 < z < 4} U {x^x^') I < 2 < 3}. 
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(c) Finally, the nilpotent subalgebra 0(Lp(a)(3)) is spanned by 

{xfx^^^ I < i, j < 4; 5 < z + j < 7} U {xf, z] U C. 

By ( 18. 3p . the Lie product of any two elements in this set is p-nilpotent in R. Since 
G is an isomorphism of restricted Lie algebras, it follows that 0(nil[p](Lp(a)(3))) 

is spanned by {xj^* Xg | < i,j < 4; 5 < i + j < 7} U {xg }. Comparing the 
spanning set of 9(Lp(a) fl (Lp(a,/3)^^^) , ,) from part (a) of this proof with that of 
Q{Q{a)) = 0(P) + 0(nil[p](Lp(a;)(3))) we now obtain that 

e(Lp(«)n(Lp(a,/3)«)(^^) = e(g(a)). 

Since is an isomorphism, the proposition follows. D 

Remark 9.3. Proposition 19.21 implies that Q{a) is a subalgebra of L{a). 

At the end of Sect. 8 we mentioned that 0'((1 + X2)92) = a;i(l + X2)- In what 
follows we require some computations in the subalgebra Q{H) C Cij(a;i(l + X2))- It 
follows from the multiplication table for R that Cr(xi(1 + X2)) contains x\ {1 + x^)^ 
and x^ (1 + 0:2)^. Set w := X2 — x\^ IX2 — X2 — x^ and observe that 

(9.2) [2:1(1 + 0:2), w] = \xx-,'w\\\xxX2-,w\ = [-X2 + 2X2 -X2 -X2) 

+ {x2-{l)x?^+2{l)xr-{t)x?)=0. 
Applying Proposition 18.11 it is now easy to see that 

®^^^,Fx?{l+X2y®Fw(BFzC 0(Lp(«,/?)«n/7p) C Q{H). 
Direct computations show that 

(9.3) [xf\l + X2)\w] = Xi{l + X2)\l - X2 + 2xf^ - X^2^ - X^2^) 

= Xi(l +X2)'' = Xi(l +X2); 

(9.4) [xf\l + X2)\w] = xf^(l + X2)'(l-X2 + 2xf -xf -4^^) 

= xP)(l + X2)' = xf\l + X2f. 

Proposition 9.4. Let a be an arbitrary root ofT. Then for any r G F^ there exists 
a linear map Ira '■ -^ro -^ H such that x — lra{x) G Q(a) for all x G Lra- Furthermore, 
HnQ{a) = (0) andL{a) = H + Q{a). 

Proof. In order to perform computations in Lp{a) we are going to invoke the isomor- 
phism = 0' o $; see Proposition 18.11 Recall that 

0(T) = Fxi{l + X2)®Fz®C. 

Replacing a by an F^-multiple of a, if necessary, we may assume that q;((xi(1+X2)) = 
1. Using the multiphcation table for R it is then straightforward to see that 

Q{Lra) = ©ti ^a;P(l + ^2^-' © F(xS^^(1 + X2Y'' - r-^z) © F((1 + X2)" - l) 

for all r G F^ and that 0(iJ) is sandwiched between 0^^^ Fx['\l + X2)* ®Fw®Fz 

and Q{Hp) = 0j^^ Fxf^(l + X2)* ® Fw ® Fz ® C. We now define a linear map 
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Ira '■ Lj-a —>■ H hj the formula /r« = © ^ o m^ o O, where rrir is the hnear map from 
Q{Lra) into 6 (if) given by 

mr[xi {1 + X2y~^ — r~^z) = —r~^z; 

mr{x?{l + X2Y^') = x?{l + X2)\ 1<^<3; 

mr[{l + X2Y — l) = rw. 

Using the spanning set of Q{Q{a)) from the proof of Proposition 19. 21 one observes that 
W — X2 G Q{Q{a)) and x^ (1 + 0:2)* — a;^ G Q{Q{a)) for 1 < i < 3. By the same token, 
one finds that the subspace 0^=]^ Fxl © Fx2 © Fz © C of i? complements Q{Q{a)). 
Since x^f' [l + X2Y''^ G 0(Q(a)) for all r G F^, this implies that y-mr{y) G Q{Q{a)) 
for all y G e(L,„) and /? = e{Hp) © e(g(a)). 

As a result, x — /r-o(a;) G Q(a) for all r G F^ and all x G Lro- Consequently, 
Lp{a) = Hp Q) Q{a). Since Q{a) C i^(a), this yields L{a) = if © Q(q;) and the 
proposition follows. D 

Proposition 9.5. LefN^H) denote the set of all p-nilpotent elements of Lp contained 
in H. Then the following hold: 

(1) ?N("(if) is a ?)- dimensional subspace of H. 

(2) There exists a unique 2-dimensional subspace ii(-i) in y^{H) satisfying the 
condition [ii(_i), ii(_i)] C 3\f(ii). Moreover, [ii(_i), [ii(_i), ii(_i)]] = H^ . 

(3) For every a G F the subspace ii(-i) + Q{<y) is stable under the adjoint action 
ofQia). 

Proof. Jacobson's formula together with (18. 3p and the multiplication table for R shows 
that the subspace N := Fx\ (1 + X2Y © Fx[ (1 + ^2)'^) © Fw consists of p-nilpotent 
elements of R. On the other hand, it is clear from our remarks in the proof of 
Proposition 19.41 that 6(iip) = 6(T) © N. Since 0(T) is a torus, this entails that N 
coincides with the set of all p-nilpotent elements of the restricted Lie algebra Q{Hp). 
Since B : Lp{a) ^^ R is an isomorphism of restricted Lie algebras, we deduce that 
?\f(ii) = 0^^(A^) is a 3-dimensional subspace of H. 

The elements Dh{xi (1 + X2Y) and Dh{{x\ (1 + ^2)^) of the Hamiltonian algebra 
ii(2;D^^^ commute. Therefore, in our central extension R we have the equality 

(9.5) [xf\l + X2y,xf\l+X2f)] = [xf\xf^] = z. 

Now take any linearly independent elements Ui = aiXi {l+X2Y + biXi {I + X2Y + C1W 

and U2 = a2x\ (1 + X2Y + ^22^1 (1 + 2:2)^ + C2W in A^ such that [ui, U2] G A^. Then 
fl93D together with (E^D and i^^ yields 

A^ 3 [ui,U2] = (ai&2 - a2bi)z + (aiC2 - a2Ci)xi(l + X2) + (&1C2 - b2Ci)x[ '{1 + X2Y, 

forcing 0162 = 02^1 and aiC2 = a2Ci. If ai 7^ 0, then U2 = — M2 which is false. 
Therefore, ai = 0. Arguing similarly, one obtains 02 = 0. This shows that if(-i) := 
Q^^{Fx[ (1 + ^2)'^ © Fw) is the only 2-dimensional subspace of y^{H) with the prop- 
erty that [if(_i),if(_i)] C >J'(ii'). Combining ([93D, (O and 1^^ one derives that 

[ii(_i), [ii(„i),ii(_i)]] = H^. 
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Using the spanning set for Q{Q{a)) displayed in part (a) the proof of Proposition l9.2l 
and the multiphcation table for R, it is routine to check that 

[e(Q(a)), Fxf\l + X2f © Fw] C Q{Q{a)) + Fxf\l + X2f © Fw. 
This implies that -?^(-i) + Q{<y) is invariant under the adjoint action of Q{a). D 

10. Conclusion 

For any 7 G F we fix a map L^: L^ -^ H satisfying the conditions of Proposition [931 
Given x E L^ me set x := x — /^(x), an element of Q{a). Define 

^(0) := E7Gr<5(7), 

a subspace of L. We are going to show that L(o) is actually a subalgebra of L. Since 
it follows from Remark 19.31 that [<5(7), <5(7)] C L(o) for all 7 G F, we just need to 
check that [Q{a),Q{[3)] C L(o) for all Fp-independent a,/? G F. 

Lemma 10.1. Let (a,/3) he an arbitrary Melikian pair in F^ and let x G La, y G Lp. 
Then [x, y\ G L(o) and 



[x,y\ = [x,y] (^mod Q(a)+Q(/?)j. 



Proof. Set A := {a} U (/3 + ¥pa). Proposition [931 says that L{S) = H® Q{5) for any 
5 G A. In conjunction with Proposition 19.21 this gives 

(10.1) (Lp(a,/3)«)(5) = (ifnLp(a,/3)(^))©Q(5) (V5 G A). 

Recall that $: Lp(a,/5)*^^^ — > M is a Lie algebra isomorphism taking Hr]Lp{a,(3)'^^^ 
onto C]v[(t) and (Lp(Q;,/?)*^^)) ,jj, onto M(o). Therefore, 

(10.2) dimi7nLp(a,/5)(^) = 5, dim (^^(a,/?)^^))^^,^ = 120. 

Combining (110. 2p and (110. ip we now deduce that for every 5 G A the subalgebra 
Q{5) = Lp{5) n [Lp{a, P)^^^Y . has codimension 5 in the 1-section (^Lp(a, PY^^^{5). 

Since Lp{a,0^^ = M, it follows from |P 94| Lemmas 4.1 & 4.4], for instance, that 
dim (Lp(a,/3)(^))((5) = 25. Therefore, dimQ{5) = 20 for all 5 e A. 
For any yU G A one has 

Qif^) n (E.eA\M Qi^)) c g(/x) n (E.eA\M ^iS)) c g(/i) n i/ = (o). 

This shows that the sum Q{a) + J2j=oQiP + Jct) is direct. But then 

dim(Q(a)©0j^oQ(/5 + ja)) = 6 ■ 20 = 120 = dim (^^(a,/?)^)^^), 
implying that (^Lp{a, PY^^). . = Q{a) + J2je¥ Q(f^ + JQ^)- As a consequence. 



(10.3) [Q(a), Q(/3)] C [(L>,/3)«) ,(Lp(a,/3)«) J C (Lp(a,/3)«) 



(0)' v^pv"'^^/ ;(0) 

Q(«) + e;=oQ(/5+j«) c i:(o). 
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This shows that [x,y\ G L(o). Computing modulo Q{a) + Q{I3) we get 
[x, y\ = {[x,y]- la+f3i[x, y] - [x, lp{y)] + lai[x, Ipiy)] - [laix),y] + lp{[laix),y]) 
+ [Lix), Ipiy)] + {la+pi[x, y]) - lai[x, Ifsiy)]) - IpiiLix), y])) 

= [x,y]-[x,lf3{y)]-[laix),y] + h 

= k, y] + h, 

where h = la+f3i[x,y]) - lailxj/siy)]) - li3{[laix),y]) + [/«(x), ^y)]. As [x,y] E L(o), 
it must be that h E H H L(o) = H D [ X]7Gr Qi'l)) ■ Expressing h = X]7Gr ("^7 ~ ^7(^)) 
with v^ E L^ we see that f ^ = for all 7, whence l^{v^) = and h = 0. The result 
follows. n 

Theorem 10.2. L(o) is a proper subalgebra of L. 

Proof. By our earlier remark in this section, we need to show that [Q{a), Q{P)] C L(o) 
for all pairs {a, (3) E T^ such that a and (3 are Fp-independent. If (a, (3) is a Melikian 
pair, this follows from Lemma [10.11 

Take any Fp-independent a,(3 eT for which {a, (3) is not a Melikian pair. Then 
H^ n ker a = H^ fl ker /5; see Lemma 17.11 Recall that H^ D ker a = Fha for some 
nonzero h^ E H^. Put T{a) := {7 G F | 7(/iq,) 7^ 0}. Since H^ C T, the set r(a) is 
nonempty. Then it follows from Schue's lemma [St 041 Prop. 1.3.6(1)] that 

(10-4) Lp = E,eria)[L„Lp-,]. 

Let 7 be an arbitrary root in r(a). Since a{ha) = l3{ha) = 0, it is immediate from 
Lemma [7. II that (0,7) and {a, (3 — 7) are Melikian pairs in P^. 

Suppose (a+7, /3— 7) is not a Melikian pair. Then {P—'y){ha+-y) = by Lemma iTAl 
As (/3 - 7) (/la) = -liha) ^ and dimH^ = 2 by Theorem [5Sl2), this yields H^ = 
FK®FK+^. Also, {a+^){K) = and (a+/?)(/i«+^) = {{a+-f) + {f3--f)){ha+-y) = 
by our assumption on (a + 7,/? — 7). This shows that a + f3 vanishes on H^ and 
hence on {H^)p = T; see Theorem 15.8( 2). But then a + /5 = 0, a contradiction. Thus, 
(a + 7, /5 — 7) is a Melikian pair. 

If (7, a + /5 — 7) is not a Melikian pair, then 7(/iq,_|_^_^) = 0. As 7 G T{a), we then 
have H^ = Fh^ © Fha^p^^. But then a + /5 = 7 + (a + /5 — 7) vanishes on {H^)p, a 
contradiction. So (7, a + /5 — 7) is a Melikian pair, too. 

We now take arbitrary u E La and v E Lp. By (110. 4p . there exist 71, . . . , 7Ar G P(«) 
such that V = J2i=i [^i^Vi] fo^ some Xi E L^- and yi E Lj3_^., where 1 < i < A^. 
Applying Lemma 110.11 and the preceding remarks we obtain 

[^, ^ e Eii [n, [x^, m]] + Eii [Q(«), Q(7.) + Q{^ - %)] 



C Ei=i {[[u, Xi],yi\ + [xi, [u, yi]]) + L(o) 

C Eti([Q(« + 7.),Q(/?-7^)] + [Q(7.),Q(« + /3-7.)])+i^(0)C L(o). 

Consequently, [(5(tt), Q{P)] C L(o) in all cases. The argument at the end of the proof 
of Lemma [1 . 1 1 shows that L(o) HH = (0). Hence L(o) is a proper subalgebra of L. D 

Recall the subspace -ff(-i) from Proposition l9.5( 2). According to Proposition l9.5( 3). 

[Q(7), H(^^i)] C i:/'(_i) + Q(7) C i:f(_i) + L(o) for all 7 G P. In view of Theorem [l031 
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this means that 

[L(o), i/(_i) + L(o)] = [E^er Qil)^ ^{-D + Eser Qi^)] ^ ^{-D + ^(o)- 
Thus, -^(-1) := -f^(-i) + -^(0) is stable under the adjoint action of the subalgebra L(o). 

We have finally come to the end of this tale. Let L' denote the subalgebra of L 
generated by -^(-i)- Proposition 19.5( 2) shows that H^ C L'. Then the p-envelope of 
L' in Lp contains {H^)p = T; see Theorem 15.8( 2). As a consequence, L' is T-stable. 
Let 7 be any root in F. Then [T, x — l^yix)] C L' for all x G L-y, implying L^ C L'. As 
this holds for all 7 G F and L is simple, we deduce that L' = L. 

It follows from Theorem 110.41 that -^(-1) 2 -^(o)- We now consider the standard 
filtration of L associated with the pair (-^(-1), -^(0)) (it is defined recursively by setting 
L(i) := {x G -^(i-i) I [a;, L(i_i)] C -^(i_i)} and L(_i) := [L(_i), L(_i+i)] + L(_i+i) for 
all i > 0). Since L is simple and finite-dimensional, this filtration is exhaustive 
and separating. Let G = 0jg2 ^* denote the associated graded Lie algebra, where 
Gi = gTi{L) = L(i)/L(i+i). 

Since -Z^(-i) = -f^(-i) + -^{o)) we have that i^{_i) = I/{o) + Yl]=i (-^(-i))"' ^^ ^ii i > 0. 
Since (i/(_i))^ C i/^ C }{H) by Theorem 15.8( 2). this shows that -^(-4) = -^(-3)) i-e. 
G_4 = (0). As dimi7(_i) = 2, we obtain by the same token that dimG_2 < 1 and 
dimG_3 <2. 

Let (a, (3) be any Melikian pair in F^. By our remarks in the proof of Lemma [10. ![ 
[Lp(a, PY^^) nL(o) = [Lp(a, PY^^) ,^., while from the explicit description of 9(iif(_i)) 
in the proof of Proposition 19.51 and Proposition 18. II we see that 

(10.5) //(_!) + (L,(a,/3)«)(^) = (L,(a,/3)«)(__^). 

In particular, -f/^(-i) C Lp(a,PY^^- It follows that the filtration of Lp{a,PY^^ — -^ 
induced by that of L has the property that 

L(i) = {Lp{a, /?) W n L(,)) + L(i_i), i = -1, -2, -3. 

In view of (110. 5p . this entails that dimG-i = dimG_3 = 2 and dimCj = 1. 

As dimG_i = 2, and Go acts faithfully on G-i, we have an embedding Go C 0l(2). 
As {Lp{a,PY^^),Q) acts on (Lp(a,/5)(^)), /(Lp(a,/3)(^)) . as qI{2), it follows from 
( IT03|) that (L(o) n Lp(a,/?)(i))/(L(i) n Lp(a,/5)(^)) = 0[(2). As a consequence. Go = 
0[(2). Finall y, (^2 ^ yields that Lp(a,/5)(^) n L(4) 7^ (0), giving G4 ^ (0). 

Applying |St 041 Thm. 5.4.1] we now obtain that the graded Lie algebra G is iso- 
morphic to a Melikian algebra M(m, n) regarded with its natural grading. By a result 
of Kuznetsov j Kuz 91] , any filtered deformation of the naturally graded Lie algebra 
M(m, ra) is isomorphic to M(m, n); see |St 04[ Thm. 6.7.3]. Thus, L = M(m, ra), 
completing the proof of Theorem 11.21 

Corollary 10.3. Let L be a finite- dimensional simple Lie algebra of Cartan type over 
an algebraically closed field of characteristic p > 3 and let T be a torus of maximal 
dimension in Lp C DerL. Then the centralizer ofT in Lp acts triangulably on L. 

Proof. This is an immediate consequence of [P-St 041 Thm. A] and Theorem II. 2[ D 
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